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POINTED p2q-DIMENSIONAL HOPF ALGEBRAS IN POSITIVE
CHARACTERISTIC
RONGCHUAN XIONG
Abstract. Let p, q, r be distinct prime numbers and k an algebraically closed field of
characteristic p. We study the classification of pointed Hopf algebras over k of dimension
p
2
q, pq2 and pqr. We obtain a complete classification of pointed Hopf algebras of dimen-
sion pq, pqr, p2q, 2q2 and 4p. We also classify all pointed Hopf algebras of dimension pq2
whose diagrams are Nichols algebras and show that pointed Hopf algebras of dimension
pq
2 whose diagrams are not Nichols algebras must be Hopf extensions of Taft algebras by
restricted universal enveloping algebras of dimension p. In particular, we obtain many
new non-commutative and non-cocommutative finite-dimensional pointed Hopf algebras.
Keywords: Nichols algebra; pointed Hopf algebra; lifting method; Hochschild cohomol-
ogy.
1. Introduction
In the past three decades, a great deal of mathematical effort has been devoted to the
classification of Hopf algebras of a given dimension over an algebraically closed field. The
complete classifications have been done for certain small dimensions in characteristic zero
(see e.g. [9] for a survey) and for prime dimensions in positive characteristic (see [18]).
In general, it is a hard and challenging question even for too many small dimensions.
One may obtain partial classification results by determining Hopf algebras with a certain
property. In particular, pointed Hopf algebras in characteristic zero constitute the class
best classified (see [1] for a survey).
In this paper, we study pointed Hopf algebras in positive characteristic whose dimen-
sions can be factorized into three prime factors. Let p, q, r be distinct prime numbers.
Obviously, there are no non-trivial pointed complex Hopf algebras of dimension pqr;
Andruskiewitsch-Natale [3] showed that there are 4(p−1) classes of pointed complex Hopf
algebras of dimension p2q; Andruskiewitsch-Schneider [5], Caenepeel-Da˘sca˘lescu [10], and
Stefan-van Oystaeyen [26] showed independently that there are (p − 1)(p + 9)/2 classes
of pointed complex Hopf algebras of dimension p3; Nguyen-Wang-Wang [19, 20], Nguyen-
Wang [21] studied the classification of pointed Hopf algebras of dimension p3 in positive
characteristic and constructed infinite families of such Hopf algebras. We mention that
the classification of pointed Hopf algebrasH over k with (dimH, chark) = 1 yields similar
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isomorphism classes as in the case of characteristic zero. Therefore, we deal with pointed
Hopf algebras in characteristic p of dimension p2q, pq2 and pqr.
Motivated by [21], the strategy follows the ideas in [5, 26], that is, the so-called lifting
method and the Hochschild cohomology of coalgebras which have already been used in
many papers. Let H be a finite dimensional Hopf algebra such that the coradical H0
is a Hopf subalgebra, then grH , the graded coalgebra of H associated to the coradical
filtration, is a Hopf algebra with projection onto the coradical H0. By [23, Theorem 2],
there exists a connected graded braided Hopf algebra R = ⊕∞n=0R(n) in
H0
H0
YD such that
grH ∼= R♯H0. We call R and R(1) the diagram and infinitesimal braiding of H , respec-
tively. Furthermore, the diagram R is coradically graded and the subalgebra generated
by V is the so-called Nichols algebra B(V ) over V := R(1), which plays a key role in the
classification of pointed complex Hopf algebras under the following
Conjecture 1. [7, Conjecture 2.7] Any finite-dimensional connected graded braided Hopf
algebra R = ⊕i≥0R(i) in
H0
H0
YD satisfying P(R) = R(1) is generated by R(1).
As well-known, Conjecture 1 is not true in positive characteristic. One need more
efficient methods to study the connected graded braided Hopf algebras R to complete
the classification of finite-dimensional Hopf algebras over an algebraically closed filed. It
should be mentioned that N. Hu, X. Wang and Z. Tong constructed examples of braided
Hopf algebras that are not Nichols algebras when deriving certain modular quantizations
of the restricted universal enveloping algebras of the restricted modular simple Lie al-
gebras of Cartan type by making modular reductions including modulo p and modulo
p-restrictedness reduction, see [14, 15, 30, 29]; V. C. Nguyen and X. Wang studied con-
nected graded braided Hopf algebras of dimension p2 that are not Nichols algebras by
means of the Hochschild cohomology of coalgebras [21].
One can directly use the method in [26] based on the Hochschild cohomology of coal-
gebras to classify all pointed Hopf algebras in our cases. One of main difficulties is to
calculate all the second Hochschild cohomology groups of coalgebras in our cases. The
lifting method to classify all pointed Hopf algebras of a given dimension is to classify
all possible coradicals H0 = k[G(H)] and all possible connected graded braided Hopf
algebras R, then to find all possible ways to realize R as an object in H0H0YD, and finally
compute all possible deformations H of R♯H0 such that dimH = dimR♯H0. Our main
difficulties in the lifting method are to find the shape of all possible deformations and
to show that these deformations are what we want. The lifting procedure is in general
computationally challenging especially when the diagrams R are not Nichols algebras.
The results on the classification of coradically graded pointed Hopf algebras H of di-
mension p2q, pq2 and pqr are listed in Table 1, Table 2, and Table 3, respectively. It turns
out that pointed Hopf algebras of dimension pqr are generated by group-like elements and
skew-primitive elements, that is, Conjecture 1 is true, while there exist examples of those
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Table 1. Results on the classification of graded pointed Hopf algebras of
dimension p2q
G(H) R
Cpq k[x]/(x
p); x ∈ R(1) = P(R)
Cp ⋊ Cq k[x]/(x
p); x ∈ R(1) = P(R)
Cq ⋊ Cp k[x]/(x
p); x ∈ R(1) = P(R)
Cq k[x, y]/(x
p, yp); x, y ∈ R(1) = P(R)
Cq
k[x, y]/(xp, yp); x ∈ P(R), y ∈ R(p);
∆R(y) = y ⊗ 1 + 1⊗ y +
∑p−1
i=1
(p−1)!
i!(p−i)!
xi ⊗ xp−i
Table 2. Results on the classification of graded pointed Hopf algebras of
dimension pq2
G(H) R
Cpq k[x]/(x
p); x ∈ R(1) = P(R)
Cq2 k[x]/(x
p); x ∈ R(1) = P(R)
Cq × Cq k[x]/(x
p); x ∈ R(1) = P(R)
Cq k[x, y]/(xq, yp); x, y ∈ R(1) = P(R)
Cq
k[x, y]/(xq, yp); x ∈ P(R), y ∈ R(q),
∆R(y) = y ⊗ 1 + 1⊗ y +
∑q−1
i=1
(q−1)ξ !
(i)ξ !(q−i)ξ!
xi ⊗ xq−i
Table 3. Results on the classification of graded pointed Hopf algebras of
dimension pqr
G(H) R
Cqr k[x]/(x
p); x ∈ R(1) = P(R)
Cq ⋊ Cr k[x]/(xp); x ∈ R(1) = P(R)
of dimension p2q and pq2 that are not generated by group-like elements and skew-primitive
elements. In particular, we obtain some connected graded braided Hopf algebras that are
not Nichols algebras, which enrich examples of connected graded braided Hopf algebras in
the lifting method. We mention that the braided Hopf algebras in Row 4 of Table 1 and 2
appeared in [33, Table 5.6.] and those in the last row of Table 1 appeared in [13, 31, 21].
Indeed, the braidings are trivial, that is, they are usual connected graded Hopf algebras
of dimension p2.
By determining the liftings of coradically graded pointed Hopf algebras, the classifica-
tion results of pointed Hopf algebras with the following dimension are listed as below:
• p2q: Up to isomorphism, there are only finitely many pointed Hopf algebras of
dimension p2q. More precisely,
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– See Theorem 3.2 for the classification of those whose diagrams are Nichols
algebras. In particular, there are 56 types; among them, the Hopf algebras
described in (T6)–(T7), (T11)–(T13), (T44)–(T46), (T51) and (T56) are non-
commuative and non-cocommutative. Furthermore, the infinitesimal braid-
ings of those described in (T44)–(T46), (T51) and (T56) are two-dimensional.
They constitute new examples of non-commutative non-cocommutative finite-
dimensional pointed Hopf algebras.
– Let H be a pointed Hopf algebra of dimension p2q whose diagram is not a
Nichols algebra. Assume thatH is non-commutative and non-cocommutative.
Then H is isomorphic to
(T68) : k〈g, x, y〉/(gq− 1, gx− xg, gy− yg, xp, [x, y]− 1 + gp+1, yp+ (1−
gp+1)p−1x − x), q | p − 1, q ∤ p + 1, with the coalgebra structure given
by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + g ⊗ x, ∆(y) = y ⊗ 1 + gp ⊗ y + ω1(x).
It constitutes a new example of non-commutative non-cocommutative pointed
Hopf algebras which are not generated by group-like elements and skew-
primitive elements. See Theorem 3.11 for details.
• pq2: Up to isomorphism, there are only finitely many pointed Hopf algebras of
dimension pq2 whose diagrams are Nichols algebras. Pointed Hopf algebras of
dimension p2q that are not generated by group-likes and skew-primitives must
be Hopf extensions of Taft algebras by restricted universal enveloping algebras of
dimension p. More precisely,
– See Theorem 4.2 for the classification of those whose diagrams are Nichols
algebras. In particular, there are 26 types; among them, the Hopf algebras
described in (W1)–(W23) have appeared in [25], as examples of pointed Hopf
algebras whose diagrams are isomorphic to quantum lines; the Hopf algebras
described in (W26) whose infinitesimal braidings are two-dimensional are not
isomoprhic to tensor product Hopf algebras. They constitute new examples
of non-commutative non-cocommutative pointed Hopf algebras.
– Let H be a pointed Hopf algebra of dimension pq2 whose diagram is not
a Nichols algebra. Then H fits into the following exact sequence of Hopf
algebras
Tq,ξ →֒ H ։ H,
where Tq,ξ := k〈g, x〉/(g
q−1, xq, gx−ξxg) is a Taft algebra andH = k[y]/(yp−
λ0y) for λ0 ∈ I0,1. See Theorem 4.8 for more details. If p = 2 or q = 2, then
H must be isomorphic to one of the following Hopf algebras:
POINTED p
2
q-DIMENSIONAL HOPF ALGEBRAS IN POSITIVE CHARACTERISTIC 5
(WW1): k〈g, x, y | gq = 1, gx = ξxg, gy = yg, xy − yx = 0, xq =
0, yp = 0〉;
(WW2): k〈g, x, y | gq = 1, gx = ξxg, gy = yg, xy − yx = x, xq =
0, yp = y〉;
with the coalgebra structure given by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + g ⊗ x, ∆(y) = y ⊗ 1 + 1⊗ y + θ(x).
In particular, they constitute new examples of Hopf algebras that are not
generated by group-likes and skew-primitives. See Theorem 4.10 for details.
• pqr: See Theorem 4.12 for the classification results. Up to isomorphism, there are
only finitely many such Hopf algebras.
Besides, we also construct many new examples of pointed Hopf algebras whose dimen-
sions can be factorized into at least four prime factors, see e.g. Theorem 3.9.
The paper is organized as follows: Let p, q, r be distinct prime numbers and chark = p.
In section 2, we introduce the Hochschild cohomology of coalgebras and other materials
that we will need to study pointed Hopf algebras in positive characteristic, and then we
give the classification of pointed Hopf algebras over k of dimension pq. In section 3,
we classify pointed Hopf algebras over k of dimension p2q. In section 4, we study the
classification of pointed Hopf algebras over k of dimension pq2 and pqr.
2. Preliminaries
Conventions. We work over an algebraically closed field k. Denote by chark the char-
acteristic of k, by N the set of natural numbers, and by Cn the cyclic group of order
n. k× = k − {0}. Given n ≥ k ≥ 0, Ik,n = {k, k + 1, . . . , n}. Let C be a coalgebra.
Then the set G(C) := {c ∈ C | ∆(c) = c ⊗ c, ǫ(c) = 1} is called the set of group-like
elements of C. For any g, h ∈ G(C), the set Pg,h(C) := {c ∈ C | ∆(c) = c ⊗ g + h ⊗ c}
is called the space of (g, h)-skew primitive elements of C. In particular, the linear space
P(C) := P1,1(C) is called the set of primitive elements. Unless otherwise stated, “pointed”
refers to “nontrivial pointed” in our context.
Our references for Hopf algebra theory are [24].
2.1. q-binomial coefficients. For any given q ∈ k, i ≤ n ∈ N, denote by |q| or ord(q)
the multiplicative order. The q-number and q-factorial are defined by
(n)q := 1 + q + q
2 + · · ·+ qn−1 =
{
n, if q = 1,
qn−1
q−1
, if q 6= 1,
(n)q! = (1)q(2)q · · · (n)q.
The q-binomial coefficient is defined by(
n
i
)
q
:=
(n)q!
(n− i)q!(i)q!
.
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Assume that q ∈ k×, n > 1, then for all 1 ≤ i ≤ n− 1,(
n
i
)
q
= 0⇔
{
ord(q) = n, if chark = 0,
pk ord(q) = n, k ≥ 0, if chark = p > 0.
Theorem 2.1 (q–binomial coefficients). Let q ∈ k×, xy = qyx. Then
(x+ y)n =
n∑
i=0
(
n
i
)
q
xiyn−i.
In particular, if chark = 0, ord(q) = n, or chark = p > 0, pk ord(q) = n, for k ∈ N, then
(x+ y)n = xn + yn.
2.2. Yetter-Drinfeld modules and bonsonizations. Let H be a Hopf algebra with
bijective antipode. A left Yetter-Drinfeld module M over H is a left H-module (M, ·) and
a left H-comodule (M, δ) satisfying
δ(h · v) = h(1)v(−1)S(h(3))⊗ h(2) · v(0), ∀v ∈ V, h ∈ H.(1)
Let HHYD be the category of Yetter-Drinfeld modules over H . Then
H
HYD is braided
monoidal. For V,W ∈ HHYD, the braiding cV,W is given by
cV,W : V ⊗W 7→W ⊗ V, v ⊗ w 7→ v(−1) · w ⊗ v(0), ∀ v ∈ V, w ∈ W.(2)
In particular, c := cV,V is a linear isomorphism satisfying the braid equation (c⊗ id)(id⊗
c)(c⊗ id) = (id⊗ c)(c⊗ id)(id⊗ c), that is, (V, c) is a braided vector space.
Moreover, HHYD is rigid, that is, there exist the left dual V
∗ and right dual ∗V for any
object V in HHYD, which are defined by
〈h · f, v〉 = 〈f, S(h)v〉, f(−1)〈f(0), v〉 = S
−1(v(−1))〈f, v(0)〉;
〈h · f, v〉 = 〈f, S−1(h)v〉, f(−1)〈f(0), v〉 = S(v(−1))〈f, v(0)〉.
Remark 2.2. Suppose that H = k[G], where G is a group. We write GGYD for the
category of Yetter-Drinfeld modules over k[G]. Let V ∈ GGYD. Then V as a G-comodule
is just a G-graded vector space V := ⊕g∈GVg, where Vg := {v ∈ V | δ(v) = g⊗ v}. In this
case, the condition (1) is equivalent to the condition g · Vh ⊂ Vghg−1.
Assume in addition that the action of G is diagonalizable, that is, V = ⊕χ∈ĜV
χ, where
V χ := {v ∈ V | g · v = χ(g)v, ∀g ∈ G}. Then
V = ⊕g∈G,χ∈ĜV
χ
g , where V
χ
g = Vg ∩ V
χ.
Remark 2.3. Let V ∈ HHYD such that dimV = 1. Let {v} be a basis of V . By definition,
there is an algebra map χ : H → k and g ∈ G(H) satisfying
h(1)χ(h(2))g = gh(2)χ(h(1)),
such that δ(v) = g ⊗ v, h · v = χ(h)v. Moreover, g lies in the center of G(H).
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Let R be a braided Hopf algebra in HHYD. We write ∆R(r) = r
(1) ⊗ r(2) for the
comultiplication to avoid confusions. The bosonization or Radford biproduct of R by H ,
denoted by R♯H , is a usual Hopf algebra defined as follows: R♯H = R ⊗ H as a vector
space, and the multiplication and comultiplication are given by the smash product and
smash coproduct, respectively:
(r♯g)(s♯h) = r(g(1) · s)♯g(2)h,(3)
∆(r♯g) = r(1)♯(r(2))(−1)g(1) ⊗ (r
(2))(0)♯g(2).(4)
Clearly, the map ι : H → R♯H, h 7→ 1♯h, ∀h ∈ H is injective and the map π : R♯H →
H, r♯h 7→ ǫR(r)h, ∀r ∈ R, h ∈ H is surjective such that π ◦ ι = idH . Moreover, R =
(R♯H)coH = {x ∈ R♯H | (id⊗π)∆(x) = x⊗ 1}.
Conversely, if A is a Hopf algebra and π : A → H is a bialgebra map admitting a
bialgebra section ι : H → A such that π ◦ ι = idH , then A ≃ R♯H , where R = A
coH is a
Hopf algebra in HHYD. See [24] for more details.
2.3. Braided vector spaces and Nichols algebras. We mainly follows [7] to introduce
the definition of Nichols algebras.
Recall that a braided vector space is a pair (V, c), where V is a k-vector space and
c ∈ Aut(V ⊗ V ) satisfies the braid equation
(c⊗ id)(id⊗c)(c⊗ id) = (id⊗c)(c⊗ id)(id⊗c).(5)
Observe that the tensor algebra T (V ) = ⊕n≥0T
n(V ) := ⊕n≥0V
⊗n is a connected braided
Hopf algebra with the comultiplication determined by ∆(v) = v⊗1+1⊗v for any v ∈ V .
We extend the braiding to c : T (V ) ⊗ T (V ) → T (V ) ⊗ T (V ) in the usual way. If
x, y ∈ T (V ), then the braided commutator is
[x, y]c = xy −mT (V ) · c(x⊗ y).
Let (V, c) be a finite-dimensional braided vector space. Consider the map cb : V ∗⊗V →
V ∗ ⊗ V given by
cb(f ⊗ x) =
n∑
i=1
(ev ⊗ id⊗ id)(f ⊗ c(x⊗ vi)⊗ v
∗
i ),
where {vi}i∈I1,n and {v
∗
i }i∈I1,n are dual base of V and V
∗. The braided vector space (V, c)
is rigid if cb : V ∗ ⊗ V → V ∗ ⊗ V is invertible.
Let Bn be the braid group presented by generators (τj)j∈I1,n−1 with relations
τiτj = τjτi, τiτi+1τi = τi+1τiτi+1, for i ∈ I1,n−2, j 6= i+ 1.(6)
Then there exists naturally the representation ̺n of Bn on T n(V ) for n ≥ 2 given by
̺n : σj 7→ cj := idV ⊗(j−1) ⊗c⊗ idV ⊗(n−j−1) .
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LetMn : Sn → Bn be the (set-theoretical) Matsumoto section, that preserves the length
and satisfies Mn(sj) = σj . One can define the quantum symmetrizer Ωn : V
⊗n → V ⊗n by
Ωn =
∑
σ∈Sn
̺n(Mn(σ)).
Definition 2.4. Let (V, c) be a braided vector space. The Nichols algebra B(V ) is defined
by
B(V ) = T (V )/J (V ), where J (V ) = ⊕n≥2J
n(V ) and J n(V ) = ker Ωn.(7)
Indeed, J (V ) coincides with the largest homogeneous ideal of T (V ) generated by ele-
ments of degree bigger than 2 that is also a coideal. Moreover, B(V ) = ⊕n≥0B
n(V ) is a
connected N-graded Hopf algebra.
Proposition 2.5. A N-graded Hopf algebra R = ⊕n≥0R(n) in
H
HYD is a Nichols algebra
if and only if
(1) R(0) ∼= k, (2) P(R) = R(1), (3) R is generated as an algebra by R(1).
Recall that an object in the category of Yetter-Drinfeld modules is a braided vector
space.
Proposition 2.6. [27, Theorem 5.7] Let (V, c) be a rigid braided vector space. Then B(V )
can be realized as a braided Hopf algebra in HHYD for some Hopf algebra H.
Remark 2.7. By Definition 2.4 and Proposition 2.6, B(V ) depends only on (V, cV,V ) and
the same braided vector space can be realized in HHYD in many ways and for many H’s.
We close this subsection by giving the explicit relation between V and V ∗ in HHYD.
Proposition 2.8. [2, Proposition 3.2.30] Let V be an object in HHYD. If B(V ) is finite-
dimensional, then B(V ∗) ∼= B(V )∗ bop.
2.4. The Hochschild cohomology. We introduce the Hochschild cohomology of coal-
gebras. We will use the definition in [26] (see also [35]). We begin this by introducing
Taft-Wilson Theorem [28].
Theorem 2.9 (Taft-Wilson Theorem). Let C be a pointed coalgebra and (Cn)n∈N the
coradical filtration of C. Then
(1) C1 = k[G(C)]⊕ (⊕g,h∈CP
′
g,h(C)) where Pg,h(C) = P
′
g,h(C)⊕ k{g − h}.
(2) If n ≥ 2 and Cg,hn = {x ∈ C | ∆(x) = x⊗ g + h⊗ x+ ω, ω ∈ Cn−1 ⊗ Cn−1}, then
Cn =
∑
g,h∈G(C)C
g,h
n .
Let (M, δL, δR) be a C-bicomodule. The Hochschild cohomology H
•(M,C) of C with
coefficients in M is defined as follows. Consider the complex (Cn(M,C), dn)n∈N, where
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Cn(M,C) = Homk(M,C
⊗n) and
∂n(f) = (In ⊗ f)δL +
n−1∑
i=0
(−1)i+1(Ii ⊗∆⊗ In−i−1)f + (−1)
n+1(f ⊗ In)δR,
where In denotes the identity map of C
⊗n. We denote Zn(M,C) = ker ∂n, Bn(M,C) =
Im ∂n−1 and Hn(M,C) = Zn(M,C)/Bn(M,C). Moreover,
Proposition 2.10. [26, Proposition 1.4] Let C be a finite-dimensional coalgebra and M a
finite-dimensional C-bicomodule. Then Hn(M,C) ∼= Hn(C∗,M∗), where M∗ is endowed
with a natural C∗-bimodule structure.
Let M = gkh whose structure is defined by δL(k) = h ⊗ k and δR(k) = k ⊗ g, for
k ∈ k, g, h ∈ G(C). Then H•(gkh, C) can be computed as the homology of the complex
(C⊗n, dng,h), whose differentials are given by
d0g,h(k) = k(g − h),
dng,h(x) = h⊗ x+
n−1∑
i=0
(−1)i+1(Ii ⊗∆⊗ In−i−1)(x) + (−1)
n+1x⊗ g,
where k ∈ k and n > 0. For convenience, we denote dn := dn1,1, Z
n(k, C) := Zn(1k1, C),
Bn(k, C) := Bn(1k1, C) and Hn(k, C) := Hn(1k1, C).
Remark 2.11. In particular, the differentials in low degrees are explicitly given as follows:
d1g,h(x) = h⊗ x−∆(x) + x⊗ g,
d2g,h(x⊗ y) = h⊗ x⊗ y −∆(x)⊗ y + x⊗∆(y)− x⊗ y ⊗ g.
In [35], the authors gave a cobar construction on C denoted by Ω(C) to compute
H•(gkg, C). Let C+ = C ∩ker ǫ. Then C = C+⊕kg and (C+,∆+) is a coalgebra without
counit where ∆+(c) = ∆(c)− c⊗ g− g⊗ c for c ∈ C+. ΩC defined as a graded algebra is
the tensor algebra T (C+) over C+ and the differential dn : (C+)⊗n → (C+)⊗(n+1) is given
by
dn =
n−1∑
i=0
(−1)i+11⊗i ⊗∆+ ⊗ 1⊗(n−i−1).
It is shown by Stefan and Oystaeyen in [26] that the Hochschild cohomology of a pointed
coalgebra and its coradical filtration are strongly related.
Theorem 2.12. [26, Theorem1.2] Let C be a pointed coalgebra. Then
(1) Pg,h(C)/k(g − h) ∼= H
1(gkh, C).
(2) Cg,hn /Cn−1
∼= ker[H2(gkh, Cn−1)→ H
2(gkh, C)] for any n > 1.
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Theorem 2.13. [26, Corollary 1.3] Let C be a finite-dimensional pointed coalgebra, D a
subcoalgebra of C, and g, h ∈ G(C). Suppose that there is n > 0 such that Dn = Cn and
H2(gkh, D) = 0. Then Dg,hn+1 = C
g,h
n+1.
Proof. For any x ∈ Cg,hn+1, by Taft-Wilson Theorem, we have −d
1
g,h(x) = ω ∈ Cn ⊗ Cn =
Dn ⊗ Dn ⊂ D ⊗ D. Then it is easy to see that d
1
g,h(x) = −ω ∈ Z
2(gkh, D). Indeed,
d2g,h|D(d
1
g,h(x)) = d
2
g,hd
1
g,h(x) = 0.
Assume that d1g,h(x) = 0 in H
2(gkh, D). Then there is an element y ∈ D such that
d1g,h(x) = d
1
g,h(y), and hence x−y ∈ Pg,h(C) = Pg,h(D), which implies that x ∈ C
g,h
n+1∩D =
Dg,hn+1.
Since H2(gkh, D) = 0, it follows that Cg,hn+1 ⊆ D
g,h
n+1. Clearly, D
g,h
n+1 ⊆ C
g,h
n+1. Therefore,
Dg,hn+1 = C
g,h
n+1. 
Remark 2.14. Let C be a pointed finite-dimensional coalgebra, D a subcoalgebra of C
and g, h ∈ G(C) such that Cn = Dn for some n > 1. From the proof of Theorem 2.13,
d1g,h induces an injective map
d1g,h : C
g,h
n+1/D
g,h
n+1 →֒ H
2(gkh, D).
In particular, we in addition assume that C is a connected Hopf algebra and D is a
Hopf subalgebra of C. Then we obtain [31, Theorem6.6], that is, d1 induces an injective
map
d1 : Cn+1/Dn+1 →֒ H
2(k, D).
Remark 2.15. Assume that C =
∑n
i=0C(n) is a finite-dimensional graded pointed coal-
gebra. Then H•(gkh, C) has a bi-grading structure, that is, the homological grading and
the Adams grading induced from the grading of C. That is,
H i(gkh, C) = ⊕nj=0H
i,j(gkh, C),
where H i,j(gkh, C) ⊂ H i(gkh, C) consists of homogeneous elements whose Adams grading
is j.
Let D be a graded subalgebra of C such that Pg,h(C) = Pg,h(D) and C(k) = D(k) for
0 ≤ k ≤ n and n ≥ 1. Similar to the proof of Theorem 2.13, d1g,h induces an injective map
d1g,h : C
g,h(n+ 1)/Dg,h(n+ 1) →֒ H2,n+1(gkh, D).
In particular, assume that C = ⊕n≥0C(n) is a connected coradically graded Hopf algebra
and D is the Hopf subalgebra of C generated by C(1). Then we obtain [21, Theorem1.5.3]
in k
k
YD, that is, d1 induces an injective map
d1 : C(n+ 1)/D(n+ 1) →֒ H2,n+1(k, D).
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From the preceding discussion, the main results of Remarks 2.14 and 2.15 depend only
on the properties of coalgebras. Naturally, one will consider the results hold for braided
coalgebras. The following theorem generalizes [21, Theorem1.5.3].
Theorem 2.16. Let H be a finite-dimensional Hopf algebra. Let R = ⊕n≥0R(n) be a
connected graded Hopf algebra in HHYD and S be a graded Hopf subalgebra of R in
H
HYD
such that there exists n > 1 ∈ N satisfying R(k) = S(k) for k ∈ I0,n. Then d1 induces an
injective map in HHYD
d1 : R(n+ 1)/S(n+ 1) →֒ H2,n+1(k, S).
Proof. Similar to the proof of [21, Theorem1.5.3]. Observe that R and S are still coalge-
bras over k. Then by Remark 2.15, d1 induces an injective map
d1 : R(n+ 1)/S(n+ 1) →֒ H2,n+1(k, S).
It remains to shows that H2,n+1(k, S) or d1 is an object or a morphism in HHYD, respec-
tively, which are obtained easily from the fact that all the differentials are constructed
from the comultiplication of R, which is a morphism in HHYD. 
2.5. Serval lemmas and propositions. We introduce some important skills in positive
characteristic. For more details, we refer to [16, 19, 20, 21, 25] and references therein.
Let (adL x)(y) := [x, y] and (x)(adR y) = [x, y]. The following propositions are very
useful in positive characteristic.
Proposition 2.17. [16] Let A be any associative algebra over a field. For any a, b ∈ A,
(adL a)
p(b) = [ap, b], (adL a)
p−1(b) =
p−1∑
i=0
aibap−1−i;
(a)(adR b)
p = [a, bp], (a)(adR b)
p−1 =
p−1∑
i=0
bp−1−iabi.
Moreover,
(a+ b)p = ap + bp +
p−1∑
i=1
si(a, b),
where isi(a, b) is the coefficient of λ
i−1 in (a)(adR λa+ b)
p−1, λ an indeterminate.
Remark 2.18. s1(a, b) = (a)(adR b)
p−1 =
∑p−1
i=0 b
iabp−1−i.
Proposition 2.19 (Fermat’s little Theorem). In a field of characteristic p > 0, we have
∐p−1m=1(t−m) = t
p−1 − 1, where t is a variable. In particular, tp−1 = 1 for t ∈ I0,p−1.
The following lemmas are very important for the classification of pointed Hopf algebras
in positive characteristic.
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Lemma 2.20. Let H be a pointed Hopf algebra over k, x ∈ Hg,h,and y ∈ H1,k. Assume
that g, h, k, x generate a commutative Hopf subalgebra A of H and d11,k(y) ∈ A. Then
[d1g,h(x),∆(y)] = d
1
g,hk([x, y]) + [h, y]⊗ x.
Proof. It follows by a direct computation that
[d1g,h(x),∆(y)] = [x⊗ g + h⊗ x−∆(x),∆(y)]
= −∆([x, y]) + [x⊗ g,∆(y)] + [h⊗ x,∆(y)]
= −∆([x, y]) + [h, y]⊗ x+ [x, y]⊗ g + hk ⊗ [x, y]
= d1g,hk([x, y]) + [h, y]⊗ x.

Lemma 2.21. Let A be an associative algebra over k with generators g, x, subject to the
relations gn = 1, gx− xg = g(1− g). Assume that chark = p > 0 and p | n. Then
(1): gix = xgi + igi − igi+1. In particular, gpx = xgp.
(2): [21, Lemma5.1(1)] (g)(adR x)
p−1 = g − gp, (g)(adR x)
p = [g, x].
(3): (adL x)
p−1(g) = g − gp, [xp, g] = (adL x)
p(g) = [x, g].
(4): A admits a Hopf algebra structure whose coalgebra structure is given by g ∈
G(A) and x ∈ P1,g(A). Furthermore, x
p − x = λ(1− gp) in A for some λ ∈ k.
Proof. (1): Note that (g)(adR x) = [g, x] = g − g
2. Then (adR x) : k〈g〉 → k〈g〉 is a
derivation. It follows that [gi, x] = igi−1[g, x] = igi − igi+1.
(2): This is [21, Lemma5.1(1)] when n = pk for k > 0. As stated in the proof of
[21, Lemma4.0.1(1)], the linear map (adR x) : k〈g〉 → k〈g〉 is diagonalizable with
eigenvalues 0, 1, . . . , n− 1. Then by Fermat’s little Theorem, (adR x)
p = (adR x).
Moreover, after a direct computation, (g)(adR x)
p−1 = g − gp.
(3): The proof follows the same line of (2).
(4): It is easy to see that A is well-defined. Observe that x ∈ P1,g(A). Then by
Proposition 2.17 and (2), we have that
∆(xp − x) = (x⊗ 1 + g ⊗ x)p −∆(x)
= xp ⊗ 1 + gp ⊗ xp + (g)(adR x)
p−1 ⊗ x−∆(x)
= xp ⊗ 1 + gp ⊗ xp + (g − gp)⊗ x− (x⊗ 1 + g ⊗ x)
= (xp − x)⊗ 1 + gp ⊗ (xp − x).
Then it follows that xp − x ∈ P1,gp(A). Since g
p 6= g, it follows that P1,gp(A) =
k{1− gp}, which implies that xp − x = λ(1− gp) for some λ ∈ k.

Now we introduce the following proposition, which is useful to determine when a coal-
gebra map is one-one.
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Proposition 2.22. [24, Proposition 4.3.3] Let C,D be coalgebras over k and f : C → D
is a coalgebra map. Assume that C is pointed. Then the following are equivalent:
(a) f is one-one.
(b) For any g, h ∈ G(C), f |Pg,h(C) is one-one.
(c) f |C1 is one-one.
Remark 2.23. The finite-dimensional Hopf algebra A in Lemma 2.21 depending on pa-
rameter λ ∈ k appeared in [25] as an example of rank one Hopf algebras of the third type.
We denote A by A(λ).
Now we claim that A(λ) ∼= A(0). Write g′, x′ to distinguish the generators of A(0).
Consider that map φ : A(λ) → A(0) defined by φ(g) = g′, φ(x) = x′ + a(1 − g′) with
ap − a = λ. Then it is easy to check that φ is a Hopf algebra morphism. Indeed,
φ(gx− xg − g + g2) = g′(x′ − a(1− g′)) + (x′ + a(1− g′))g′ − g′ + (g′)2
= g′x′ − x′g′ − g′ + (g′)2,
φ(xp − x− λ(1− gp)) = (x′ + a(1− g′))p − (x′ + a(1− g′))− λ(1− g′)
= (x′)p + ap(1− (g′)p)− a(g′)(adR x
′)p−1 − (x′ + a(1− g′))− λ(1− g′)
= (x′)p − x′ + (ap − a− λ)(1− (g′)p) = (x′)p − x′.
Observe that φ|A(λ)1 is injective and φ is surjective. Then by Proposition 2.22, φ is a
Hopf algebra isomorphism.
Lemma 2.24. [34] Let chark = p > 0, k ∈ N − {0} and µ ∈ I1,pk−1. Let A be an
associative algebra generated by g, x, y. Assume that the relations
gpk = 1, gx− xg = λ1(g − g
2), gy − yg = λ2(g − g
µ+1),
xp − λ1x = 0, y
p − λ2y = 0, xy − yx+ µλ1y − λ2x = λ3(1− g
µ+1),
hold in A for some λ1, λ2 ∈ I0,1, λ3 ∈ k. Then
(1): (x)(adR y)
n = λn−12 (x)(adR y)− λ3
∑n−2
i=0 λ
i
2(g
µ+1)(adR y)
n−1−i. In particular, if
k = 1, then (x)(adR y)
p = λp−12 (x)(adR y).
(2): (adL x)
n(y) = (−µλ1)
n−1(adL x)(y) − λ3
∑n−2
i=0 (−µλ1)
i(adL x)
n−1−i(gµ+1). In
particular, if k = 1, then (adL x)
p(y) = (−µλ1)
p−1(adL x)(y).
Proof. (1): This is the claim in [21, Page 26] whenm = p. For the first claim, one can
prove it inductively. Indeed, (x)(adR y)
n = λ2(x)(adR y)
n−1+(−λ3)(g
2)(adR y)
n−1
for n > 1.
(2): For the first claim, one can prove it inductively. The second claim is due to the
same statement in [21, Page 26].

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Lemma 2.25. Let H be a Hopf algebra over k generated by the elements g, x, y with the
coalgebra structure given by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + gθ ⊗ x, ∆(y) = y ⊗ 1 + gθp ⊗ y + ωθ(x),
where θ ∈ Z and ωθ(x) =
∑p−1
i=1
(p−1)!
i!(p−i)!
xigθ(p−i) ⊗ xp−i.
Assume that the relations gx = ξτxg, gy = ξpτyg, xy − yx = λ2x+ λ3(1 − g
θ(p+1)) for
λ2, λ3 ∈ k hold in H, where τ ∈ Z such that ξτθ = 1. Then
(ωθ(x))(adR y ⊗ 1 + g
θp ⊗ y)p−1 = −d1
1,gθp2
[([x, y]xp−1)(adR y)
p−2].
Proof. Observe that gθxi = xigθ, gθy = ygθ for i ∈ I0,p−1.
ωθ(adR (y ⊗ 1 + g
θp ⊗ y))
= [
p−1∑
i=1
(p− 1)!
i!(p− i)!
xigθ(p−i) ⊗ xp−i, y ⊗ 1 + gθp ⊗ y]
= [
p−1∑
i=1
(p− 1)!
i!(p− i)!
xigθ(p−i) ⊗ xp−i, y ⊗ 1] + [
p−1∑
i=1
(p− 1)!
i!(p− i)!
xigθ(p−i) ⊗ xp−i, gθp ⊗ y]
=
p−1∑
i=1
(p− 1)!
i!(p− i)!
[xigθ(p−i), y]⊗ xp−i +
p−1∑
i=1
(p− 1)!
i!(p− i)!
xigθ(2p−i) ⊗ [xp−i, y]
=
p−1∑
i=1
(p− 1)!
i!(p− i)!
[xi, y]gθ(p−i) ⊗ xp−i +
p−1∑
i=1
(p− 1)!
i!(p− i)!
xigθ(2p−i) ⊗ [xp−i, y]
=
p−1∑
i=1
(p− 1)!
(i− 1)!(p− i)!
[x, y]xi−1gθ(p−i) ⊗ xp−i +
p−1∑
i=1
(p− 1)!
i!(p− i− 1)!
xigθ(2p−i) ⊗ [x, y]xp−i−1
=
p−2∑
i=0
(
p− 1
i
)
[x, y]xigθ(p−i−1) ⊗ xp−i−1 +
p−1∑
i=1
(
p− 1
i
)
xigθ(2p−i) ⊗ [x, y]xp−i−1
= ([x, y]⊗ 1)(∆(xp−1)− xp−1 ⊗ 1) + (gθ(p+1) ⊗ [x, y])(∆(xp−1)− gθ(p−1) ⊗ xp−1)
= ∆([x, y]xp−1)− [x, y]xp−1 ⊗ 1− g2θp ⊗ [x, y]xp−1
= −d11,g2θp([x, y]x
p−1).
Therefore, by Lemma 2.20, we have that
ωθ(adR y ⊗ 1 + g
θp ⊗ y)p−1 = [−d11,g2θp([x, y]x
p−1)](adR (y ⊗ 1 + g
θp ⊗ y))p−2
= · · · · · ·
= −d1
1,gθp2
[([x, y]xp−1)(adR y)
p−2].

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2.6. Pointed Hopf algebras whose dimensions can be factorized into two prime
factors. Let p, q be distinct prime numbers. Andruskiewitsch-Schneider classified Hopf
algebras with chark = 0 of dimension p2 and showed that a non-trivial pointed Hopf
algebra of dimension p2 is isomorphic to a Taft algebra [4]. X. Wang classified connected
Hopf algebras of dimension p2 (see [31]) and classified pointed ones with L. Wang (see
[34]). We classify pointed Hopf algebras of dimension pq.
The following lemma generalizes [25, Lemma 3.1] and [34, Lemma 2.8 (i)]. In particular,
the classification of pointed Hopf algebrasH over k with (dimH, chark) = 1 yields similar
isomorphism classes as in the case of characteristic zero.
Lemma 2.26. Let chark = p and H be a finite-dimensional pointed Hopf algebra over k.
Assume that g 6= 1 ∈ G(H) such that p does not divide the order of g and dimP1,g(H) =
m. Then there exists a basis {v1, v2, · · · , vm} of P1,g(H) such that gvig
−1 = qivi. Assume
that p ∤ dimH. Then q1 = 1 and qi 6= 1 with i > 1.
Proof. Consider the map f : P1,g(H)→ P1,g(H) defined by f(x) = gxg
−1 for x ∈ P1,g(H).
It is clear that f is well-defined. Indeed,
∆(gxg−1) = ∆(g)∆(x)∆(g−1) = (g ⊗ g)(x⊗ 1 + g ⊗ x)(g−1 ⊗ g−1)
= gxg−1 ⊗ 1 + g ⊗ gxg−1.
Observe that p does not divide the order of g and k is an algebraically closed. Then f is
diagonalizable, that is, there exists a basis {v1, v2, · · · , vm} such that gvig
−1 = qivi. By
Taft-Wilson Theorem, we can take v1 = 1− g and v2, · · · , vm ∈ P1,g(H)− k{1− g}.
Assume that p ∤ dimH . Then we claim that qi 6= 1 for all i ∈ I2,m. Assume that
qi = 1 for some i ∈ I2,m. Consider the Hopf subalgebra L of H generated by g, vi. Then
dimL <∞ and gvi = vig in L. Hence (g−1)L is a Hopf ideal of L and then vi 6= 0 ∈ P(L)
such that c(vi ⊗ vi) = vi ⊗ vi, where L := L/(g − 1)L is the quotient Hopf algebra of L.
It is a contradiction because L contains a Hopf subalgebra of dimension p. Therefore the
claim follows. 
The following lemma generalizes [5, Lemma 5.6] and [34, Proposition 3.9].
Lemma 2.27. Let p, q be two prime numbers and chark = p. Let G be a finite abelian
group and R be a connected braided Hopf algebra in GGYD. Then
(1): If dimR is a prime number, then dimP(R) = 1.
(2): If (ord(G), p) = 1 and dimR = pq or p2, then dimP(R) ≤ 2.
(3): If ord(G) = pn (n ≤ 3) and dimR ≤ p3−n, then dimP(R) ≤ 3− n.
Proof. Since R0 = k and R − R0 6= 0, it follows that P(R) 6= 0. Observe that P(R)
is an object in GGYD and G be a finite abelian group. Then there exists an element
x 6= 0 ∈ P(R)χg for some g ∈ G, χ ∈ Ĝ.
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Assume that dimR = q. Then χ(g) is a primitive qth primitive root of unity, otherwise
R contains a braided Hopf subalgebra of dimension 6= q, a contradiction. Hence k[x]/(xq)
is a braided Hopf subalgebra of R, which implies that R ∼= k[x]/(xq). Similarly, assume
that dimR = p, then χ(g) = 1 and hence R ∼= k[x]/(xp) or k[x]/(xp − x).
Assume that (ord(G), p) = 1 and dimR = pq or p2. Then the category GGYD is semisim-
ple and all simple objects are one-dimensional. Hence P(R) = ⊕g∈G,χ∈ĜP(R)
χ
g . Suppose
that dimP(R) = 3 and {v1, v2, v3} is a basis of P(R) such that vi ∈ P(R)
χi
gi
. Let Ni = p
if ord(χi(gi) = 1, otherwise Ni = ord(χi(gi)) for i ∈ I1,3. Then similar to the proof of [5,
Lemma 3.3], we have dimR ≥ N1N2N3. Therefore, dimP(R) ≤ 2.
Assume that ord(G) = pn (n ≤ 3) and dimR ≤ p3−n. The statement follows by [34,
Proposition 3.9]. 
Lemma 2.28. Let chark = p > 0 and ξ be a primitive m-th root of unity. Set i, j ∈ I1,m−1
such that ξij = 1. Let H be a pointed Hopf algebra over k of dimension pm with (p,m) = 1.
Assume that G(H) is a cycle group of order m. Then H is isomorphic to one of the
following Hopf algebras
(a): k[g, x]/(gm − 1, xp) ∼= k[Cm]⊗ k[x]/(x
p),
(b): k[g, x]/(gm − 1, xp − x) ∼= k[Cm]⊗ k[x]/(x
p − x),
(c): k〈g, x〉/(gm − 1, gx− ξjxg, xp),
(d): k〈g, x〉/(gm − 1, gx − ξjxg, xp − x), ord(ξj) | p − 1, with g ∈ G(H) and
x ∈ P(H);
(e): k[g, x]/(gm − 1, xp − x), |gi| | p− 1,
(f): k[g, x]/(gm − 1, xp),
(g): k〈g, x〉/(gm − 1, gx− ξjxg, xp − x), [|gi|, ord(ξj)] | p− 1,
(h): k〈g, x〉/(gm − 1, gx− ξjxg, xp), with g ∈ G(H) and x ∈ P1,gi(H).
Proof. Let R be the diagram of H and V := R(1). Then dimR = p. By Lemma 2.27,
dimV = 1 and c(x ⊗ x) = x ⊗ x, where {x} is a basis of V . Furthermore, R ∼= B(V ) :=
k[x]/(xp). Let χ ∈ Ĝ(H) such that χ(g) = ξ is a primitive m-th root of unity, where g is
a generator of G(H). Then Ĝ(H) = 〈χ〉. By Remark 2.3, there exist i, j ∈ I0,m−1 such
that
• x ∈ V χ
j
gi
satisfying χj(gi) = ξij = 1.
Consequently,
grH = k〈g, x | gm = 1, gx = ξjxg, xp = 0〉, g ∈ G(H), x ∈ P1,gi(H).
A direct computation shows that gx − ξjxg ∈ Pg,gi+1(H) ∩ H0, which implies that
gx− ξjxg = λ1(g − g
i+1) for λ1 ∈ k. In particular, if i = 0, then we set λ1 = 0; if j = 0,
then the verification of the ambiguity gm−1(gx) = (gm)x implies that λ1 = 0. Indeed,
gm−1(gx) = xgm +mgm−1λ1(g − g
i+1) = x+mλ1(1− g
i), (gm)x = x;
POINTED p
2
q-DIMENSIONAL HOPF ALGEBRAS IN POSITIVE CHARACTERISTIC 17
if i 6= 0, j 6= 0, then consider the linear translation x := x−a(1−gi) satisfying (1−ξj)a =
λ1, we can take λ1 = 0. Indeed, it is easy to show that the translation is a Hopf algebra
isomorphism. Consequently, gx − ξjxg = 0 in H . Observe that gix = xgi. Then by
Theorem 2.1,
∆(xp) = (x⊗ 1 + gi ⊗ x)p = xp ⊗ 1 + gpi ⊗ xp.
Therefore, xp ∈ P1,gpi(H).
Assume that i = 0. Then xp ∈ P(H). Since P(H) = k{x}, it follows that xp = λ2x for
λ2 ∈ k. Consequently, the defining relations of H are of the following form:
gm = 1, gx− ξjxg = 0, xp = λ2x.
Applying the Diamond Lemma [8] to show that dimH = pm, it suffices to verify that the
following overlaps
(gm−1g)x = gm−1(gx),(8)
(gx)xp−1 = g(xxp−1),(9)
are resolvable with the order x < g.
The verification of (8) and (9) gives the following condition:
λ2(ξ
pj − ξj) = 0.
We can take λ2 ∈ I0,1 by rescaling x. In particular, if λ2 = 1, then ξ
j(p−1) = 1; if j = 0,
then H is isomorphic to the Hopf algebra described in (a) or (b); if j 6= 0, then H is
isomorphic to one of the Hopf algebras described in (c) and (d).
Assume that i 6= 0. Then P1,gi(H) = k{1− g
i, x}. Observe that ξij = 1.
If ord(gi) | p − 1, that is, gpi = gi, then xp ∈ P1,gi(H), which implies that x
p =
λ2x + λ3(1 − g
i) for λ2, λ3 ∈ k. Consequently, the defining relations of H are of the
following form:
gm = 1, gx− ξjxg = 0, xp = λ2x+ λ3(1− g
i).
The verification of (8) and (9) gives the following conditions:
(ξpj − ξj)λ2 = 0 = (ξ
pj − 1)λ3.
If j = 0, then consider the translation x := x− a(1− gi) satisfying ap− λ2a = λ3, we can
take λ3 = 0. If j 6= 0, then ξ
pj 6= 1 and hence λ3 = 0. Then by rescaling x, we can take
λ2 ∈ I0,1. In particular, if j 6= 0 and λ2 = 1, then ξj(p−1) = 1, that is, ord(ξj) | p− 1.
If |gi| ∤ p− 1, that is, gpi 6= gi, then xp ∈ P1,gpi = k{1− g
pi} and hence xp = λ2(1− g
pi)
for some λ2 ∈ k. Consequently, the defining relations of H are of the following form:
gm = 1, gx− ξjxg = 0, xp = λ2(1− g
pi).
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The verification of (8) and (9) gives the following condition:
(ξpj − 1)λ2 = 0.
If j = 0, then consider the translation x := x− a(1 − gi) satisfying ap = λ2, we can take
λ2 = 0; otherwise ξ
pj 6= 1, which implies that λ2 = 0. Consequently, H is isomorphic to
one of the Hopf algebras described in (e)–(h).
Observe that k[x]/(xp − x) is semisimple and k[x]/(xp) is not semisimple. Then it is
easy to see the Hopf algebras from different items are pairwise non-isomorphic. 
Remark 2.29. The Hopf algebras described in (a)–(h) appeared in [25], as examples of
finite-dimensional pointed Hopf algebras whose diagrams are isomorphic to quantum lines.
Theorem 2.30. Let H be a pointed Hopf algebra over k of dimension pq and ξ a primitive
q-th root of unity. Then H is isomorphic to one of the following Hopf algebras:
(Q1): k[Cq]⊗ k[x]/(x
p),
(Q2): k[Cq]⊗ k[x]/(x
p − x),
(Q3): k〈g, x〉/(gq − 1, gx− ξxg, xp),
(Q4): k〈g, x〉/(gq − 1, gx− ξxg, xp − x), q | p− 1, with g ∈ G(H) and x ∈ P(H),
(Q5): k[g, x]/(gq − 1, xp − x), q | p− 1,
(Q6): k[g, x]/(gq − 1, xp), with g ∈ G(H) and x ∈ P1,g(H),
Proof. Let R be the diagram of H and V := R(1). We claim that G(H) ∼= Cq. By
Nichols-Zoeller Theorem [22], dimH0| dimH , which implies that dimH0 = pq, p, q. If
dimH0 = pq, then H = k[G(H)] is a group algebra of dimension pq. If dimH0 = p,
then dimR = q. Then by Lemma 2.27, dimV = 1. Let V := k{x}. Observe that
Ĝ(H) = {ǫ} since G(H) is a p-group in characteristic p. Then by Remark 2.3, x ∈ V ǫg
for some g ∈ G(H). Hence c(x ⊗ x) = x ⊗ x, which implies that k[x]/(xp) is a braided
Hopf subalgebra of R. Hence dimk[x]/(xp) = p must divide dimR = q, a contradiction.
Therefore, dimH0 = q and hence G(H) ∼= Cq.
Since G(H) ∼= Cq := 〈g〉, it follows that dimR = p and Ĝ(H) ∼= 〈χ〉, where χ(g) = ξ
is a primitive qth root of unity. Then by Lemma 2.27, dim V = 1. Let V := k{x}. Then
by Remark 2.3, x ∈ V χ
j
gi
for some i, j ∈ I0,q−1 such that ξij = 1, which implies that q | ij.
Hence i = 0 or j = 0. If i = 0, then by [6, Proposition 6.3] we can take j ∈ I0,1. If j = 0,
then we can take i ∈ I0,1. Therefore the theorem follows by Lemma 2.28. 
Remark 2.31. The Hopf algebras described in (Q1) & (Q3) or (Q2) & (Q4) are smash
product Hopf algebras k[x]/(xp)♯k[Cq] or k[x]/(x
p − x)♯k[Cq], respectively. The Hopf
algebra described in (Q5) or (Q6) is a smash coproduct Hopf algebra k[x]/(xp)♯k[Cq] or
k[x]/(xp − x)♯k[Cq], respectively. They already appeared in [25] as examples of pointed
rank one Hopf algebras of the second type.
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Remark 2.32. If q | p− 1, then up to isomorphism, there are 6 pointed Hopf algebras of
dimension pq; otherwise there are 4 isomorphism classes.
3. Pointed Hopf algebras of dimension p2q
Let p, q are distinct prime numbers. We classify pointed Hopf algebras over k of
dimension p2q. We first classify Hopf algebras of dimension p2q that are generated by the
first term of the coradical filtration, that is, the diagrams are Nichols algebras. Then we
classify Hopf algebras of dimension p2q whose diagrams are not Nichols algebras. As the
aforementioned, Andruskiewitsch-Natale classified complex Hopf algebras of dimension
p2q [3]. In this section, we assume that chark = p. In the next section, we shall classify
pointed Hopf algebras over k of dimension pq2.
Lemma 3.1. Let H be a pointed Hopf algebra over k of dimension p2q, then dimH0 = pq
or q.
Proof. Let R be the diagram of A. By Nichols-Zoeller Theorem [22], dimH0 | dimH and
dimH = dimR dimH0. Thus we have the following possibilities:
(1) dimH0 = p
2q. Then H = k[G(H)] is a group algebra of dimension p2q.
(2) dimH0 = pq. Then |G(H)| = pq and dimR = p. Furthermore, G(H) is isomor-
phic to one of the following groups:
• Cpq = 〈g〉 ∼= Cp × Cq;
• Cp ⋊ Cq = 〈g, h | gq = hp = 1, ghg−1 = ht〉, where p ≡ 1 mod q and t is a
primitive q-th roots of 1 modulo p;
• Cq ⋊ Cp = 〈g, h | gp = hq = 1, ghg−1 = ht〉, where q ≡ 1 mod p and t is a
primitive p-th roots of 1 modulo q;
(3) dimH0 = p
2. Then |G(H)| = p2 and dimR = q. It is impossible. Indeed,
Ĝ(H) = {ǫ} since G(H) is a p-group, then there is an element x ∈ R(1) such that
c(x⊗x) = x⊗x. Hence R contains a braided Hopf algebra k[x]/(xp) of dimension
p, a contradiction.
(4) dimH0 = q. Then |G(H)| = q and dimR = p
2. In particular, G(H) ∼= Cq.
(5) dimH0 = p. Then G(H) ∼= Cp and dimR = pq. It is impossible. Indeed, by [21,
Proposition 3.7], if p > 2, dimR ≥ p2; otherwise dimR ≥ 16.
From the preceding discussion, G(H) is isomorphic to Cpq, Cp ⋊ Cq, Cq ⋊ Cp or Cq. 
3.1. Pointed Hopf algebras of dimension p2q whose diagrams are Nichols alge-
bras. Now we determine all pointed Hopf algebras of dimension p2q whose diagrams are
Nichols algebras by means of the lifting method [5].
Theorem 3.2. Let H be a pointed Hopf algebra over k of dimension p2q whose diagram
is a Nichols algebra. Then H is isomorphic to one of the following Hopf algebras:
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(T1): k[g, x]/(gpq − 1, xp) ∼= k[Cpq]⊗ k[x]/(x
p),
(T2): k[g, x]/(gpq − 1, xp) ∼= k[Cpq]⊗ k[x]/(x
p − x),
(T3): k〈g, x〉/(gpq − 1, gx− ξxg, xp), ξ a primitive q-th root of unity,
(T4): k〈g, x〉/(gpq − 1, gx− ξxg, xp − x), q | p− 1, with g ∈ G(H) and x ∈ P(H);
(T5): k[g, x]/(gpq − 1, xp),
(T6): k〈g, x〉/(gpq − 1, gx− xg − g + g2, xp − x), with g ∈ G(H) and x ∈ P1,g(H);
(T7): k〈g, x〉/(gpq − 1, gx− xg − g + gp+1, xp − x), q | p− 1,
(T8): k[g, x]/(gpq − 1, xp),
(T9): k[g, x]/(gpq − 1, xp − x), q | p− 1, with g ∈ G(H) and x ∈ P1,gp(H);
(T10): k[g, x]/(gpq − 1, xp),
(T11): k〈g, x〉/(gpq − 1, gx− xg − g + gq+1, xp − qp−1x),
(T12): k〈g, x〉/(gpq − 1, gx− ξxg, xp),
(T13): k〈g, x〉/(gpq − 1, gx− ξxg − g + gq+1, xp), with g ∈ G(H) and x ∈ P1,gq(H);
(T14): k[Cp ⋊ Cq]⊗ k[x]/(xp),
(T15): k[Cp ⋊ Cq]⊗ k[x]/(x
p − x),
(T16): k〈g, h, x〉/(gq − 1, hp − 1, ghg−1 − ht, gx− ξxg, hx− xh, xp),
(T17): k〈g, h, x〉/(gq − 1, hp − 1, ghg−1 − ht, gx− ξxg, hx− xh, xp − x),
(T18): k[Cq ⋊ Cp]⊗ k[x]/(x
p),
(T19): k[Cq ⋊ Cp]⊗ k[x]/(xp − x), with g, h ∈ G(H) and x ∈ P(H);
(T20): k[g, x, y]/(gq − 1, xp, yp) ∼= k[Cq]⊗ k[x, y]/(x
p, yp),
(T21): k[g, x, y]/(gq − 1, xp − x, yp) ∼= k[Cq]⊗ k[x, y]/(x
p − x, yp),
(T22): k[g, x, y]/(gq − 1, xp − y, yp) ∼= k[Cq]⊗ k[x, y]/(x
p − y, yp),
(T23): k[g, x, y]/(gq − 1, xp − x, yp − y) ∼= k[Cq]⊗ k[x, y]/(x
p − x, yp − y)
(T24): k〈g, x, y〉/(gq−1, xp−x, yp, gx−xg, gy−yg, [x, y]−y)∼= k[Cq]⊗k〈x, y〉/(x
p−
x, yp, [x, y]− y),
(T25): k〈g, x, y〉/(gq − 1, gx− xg, gy − ξyg, xp, yp, [x, y]),
(T26): k〈g, x, y〉/(gq − 1, gx− xg, gy − ξyg, xp − x, yp, [x, y]),
(T27): k〈g, x, y〉/(gq − 1, gx− xg, gy − ξyg, xp, yp − y, [x, y]), q | p− 1,
(T28): k〈g, x, y〉/(gq − 1, gx− xg, gy − ξyg, xp − x, yp − y, [x, y]), q | p− 1,
(T29): k〈g, x, y〉/(gq − 1, gx− xg, gy − ξyg, xp − x, yp, [x, y]− y),
(T30): k〈g, x, y〉/(gq − 1, gx− ξxg, gy − ξyg, xp, yp, [x, y]),
(T31): k〈g, x, y〉/(gq − 1, gx− ξxg, gy − ξyg, xp − x, yp, [x, y]), q | p− 1
(T32): k〈g, x, y〉/(gq − 1, gx− ξxg, gy − ξyg, xp − y, yp, [x, y]), q | p− 1
(T33): k〈g, x, y〉/(gq − 1, gx− ξxg, gy − ξyg, xp − x, yp − y, [x, y]), q | p− 1
(T34): k〈g, x, y〉/(gq − 1, gx− ξxg, gy − ξνyg, xp, yp, [x, y]), ν ∈ I2,q−1,
(T35): k〈g, x, y〉/(gq − 1, gx− ξxg, gy − ξνyg, xp − y, yp, [x, y]), q | p− ν,
(T36): k〈g, x, y〉/(gq − 1, gx− ξxg, gy − ξνyg, xp − x, yp, [x, y]), q | p− 1,
(T37): k〈g, x, y〉/(gq − 1, gx− ξxg, gy − ξνyg, xp, yp − y, [x, y]), q | p− 1,
(T38): k〈g, x, y〉/(gq − 1, gx− ξxg, gy − ξνyg, xp − x, yp − y, [x, y]), q | p− 1,
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(T39): k〈g, x, y〉/(gq − 1, gx − ξxg, gy − ξνyg, xp, yp − x, [x, y]), q | pν − 1, with
g ∈ G(H) and x, y ∈ P(H);
(T40): k[g, x, y]/(gq − 1, xp, yp),
(T41): k[g, x, y]/(gq − 1, xp, yp − y),q | p− 1,
(T42): k[g, x, y]/(gq − 1, xp − x, yp − y), q | p− 1,
(T43): k[g, x, y]/(gq − 1, xp − x, yp),
(T44): k〈g, x, y〉/(gq − 1, gx− xg, gy − yg, xp, yp, [x, y]− 1 + g),
(T45): k〈g, x, y〉/(gq − 1, gx− xg, gy − yg, xp − x, yp, [x, y]− y),
(T46): k〈g, x, y〉/(gq−1, gx−xg, gy−yg, xp−x, yp, [x, y]−y−1+g), with g ∈ G(H),
x ∈ P(H) and y ∈ P1,g(H);
(T47): k[g, x, y]/(gq − 1, xp, yp),
(T48): k[g, x, y]/(gq − 1, xp − x, yp), q | p− 1,
(T49): k[g, x, y]/(gq − 1, xp, yp − y), q | p− 1,
(T50): k[g, x, y]/(gq − 1, xp − x, yp − y), q | p− 1,
(T51): k〈g, x, y〉/(gq − 1, gx− xg, gy − yg, xp, yp, [x, y]− 1 + gν+1), ν 6= q − 1, with
g ∈ G(H), x ∈ P1,g(H) and y ∈ P1,gν (H);
(T52): k[g, x, y]/(gq − 1, xp, yp),
(T53): k[g, x, y]/(gq − 1, xp − x, yp), q | p− 1,
(T54): k[g, x, y]/(gq − 1, xp − y, yp), q | p− 1,
(T55): k[g, x, y]/(gq − 1, xp − x, yp − y), q | p− 1,
(T56): k〈g, x, y〉/(gq−1, gx−xg, gy−yg, xp, yp, [x, y]−1+g2), q 6= 2, with g ∈ G(H)
and x, y ∈ P1,g(H).
Proof. Let R be the diagram of H and V := R(1). In particular, R ∼= B(V ). By Lemma
3.1,G(H) is isomorphic either to Cpq, Cp⋊Cq, Cq⋊Cp or Cq. Hence we prove the theorem
by a case by case discussion.
Assume that G(H) ∼= Cpq := 〈g〉. Then dimR = p and Ĝ(H) := 〈χ〉 is a cyclic group
of order q, where χ(g) is a primitive qth root of unity. Hence by Lemma 2.27, dimV = 1
with trivial braiding. Let V := k{x}. Then x ∈ V χ
j
gi
for some i ∈ I0,pq−1, j ∈ I0,q−1 such
that χj(gi) = ξij = 1, which implies that q | ij, that is, q | i or j = 0. If j = 0, then by
[6, Proposition 6.3], we can take i ∈ {0, 1, p, q}. If i = 0, then we can take j ∈ I0,1. If
i 6= 0, j 6= 0, then q | i; without loss of generality, we take i = q. Therefore, R has the
following ways to realize R ∈ H0H0YD:
(i, j) = {(0, 0), (0, 1), (1, 0), (p, 0), (q, 0), (q, j)}, j ∈ I1,q−1.
Consequently,
grH = k〈g, x | gpq = 1, gx = ξjxg, xp = 0〉, g ∈ G(H), x ∈ P1,gi(H).
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Cases (1-2). Assume that (i, j) ∈ {(0, 0), (0, 1)}. Then P(H) = k{x}. Since
∆(gx− ξjxg) = (gx− ξjxg)⊗ g + g ⊗ (gx− ξjxg),
∆(xp) = (x⊗ 1 + 1⊗ x)p = xp ⊗ 1 + 1⊗ xp,
it follows that gx − ξjxg = 0 and xp = λx for some λ ∈ k. By rescaling x, we can take
λ ∈ I0,1. The defining relations of H are of the following form:
gpq = 1, gx = ξjxg, xp = λx,
where λ ∈ I0,1. To show that dimH = p2q by the Diamond Lemma [8], it suffices to verify
that the following overlaps:
(gpq−1g)x = gpq−1(gx),(10)
(gx)xp−1 = g(xxp−1),(11)
are resolvable with the order x < g. The verification of (10)–(11) amounts to λ(ξj−ξjp) =
0 which imposes the condition
if q ∤ j(p− 1), then λ = 0.
Therefore, H is isomorphic to one of the Hopf algebras described in (T1)–(T4). Clearly,
these Hopf algebras are pairwise non-isomorphic.
Case (3). Assume that (i, j) = (1, 0). Then P1,g(H) = k{x} ⊕ k{1 − g}. A direct
computation shows that gx− xg ∈ Pg,g2(H)∩H0, that is, gx− xg = λ1(g − g
2) for some
λ1 ∈ k. By rescaling x, we can take λ1 ∈ I0,1. Then
∆(xp) = xp ⊗ 1 + gp ⊗ xp + λp−11 (g − g
p)⊗ x,
∆(xp − λp−11 x) = (x
p − λp−11 x)⊗ 1 + g
p ⊗ (xp − λp−11 x),
which implies that xp − λp−11 x ∈ P1,gp(H) ∩ Hp−1. That is, x
p − λp−11 x = λ2(1 − g
p) for
some λ2 ∈ k. The defining relations of H are of the following form:
gpq = 1, gx− xg = λ1(g − g
2), xp − λp−11 x = λ2(1− g
p),
where λ1 ∈ I0,1 and λ2 ∈ k.
Since [gpq, x] = pqgpq−1[g, x] = 0, it follows that
gpq−1(gx) = xgpq = x = (gpq)x,
that is, the overlap (10) is resolvable. By Proposition 2.17, [g, xp] = (g)(adR x)
p. Then
by Lemma 2.21, we have that (g)(adR x)
p = λp−11 [g, x] = λ
p
1(g − g
2). Hence
(gx)xp−1 = (xp)g + λp1(g − g
2) = λp−11 xg + λ2(1− g
p)g + λp1(g − g
2),
g(xp) = λp−11 gx+ λ2(1− g
p)g = λp−11 xg + λ
p
1(g − g
2) + λ2(1− g
p)g,
that is, the overlap 11 is resolvable. Thus there is no ambiguity condition. If λ1 = 0, we
can choose λ2 = 0 via the linear translation x := x − a(1 − g) satisfying a
p = λ2 which
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gives the Hopf algebra described in (T5). If λ1 = 1, then we can choose λ2 = 0 via the
linear translation x := x − a(1 − g) satisfying ap − a = λ2, which gives one class of H
described in (T6). Since the Hopf algebra described in (T5) is commutative and (T6) is
not, it follows that they are not isomorphic.
Case (4). Assume that (i, j) = (p, 0). Then P1,gp(H) = k{x} ⊕ k{1 − g
p}. A direct
computation shows that gx − xg ∈ Pg,gp+1(H) ∩ H0 = k{g − g
p+1}, i. e. gx − xg =
λ1(g− g
p+1) for some λ1 ∈ k. By rescaling x, we can take λ1 ∈ I0,1. Note that gpx = xgp,
then
∆(xp) = (x⊗ 1 + gp ⊗ x)p = xp ⊗ 1 + gp
2
⊗ xp,
which implies that xp ∈ P1,gp2 (H).
Case (4a). Suppose that q | p − 1, i. e. gp
2
= gp, then xp = λ2x + λ3(1 − g
p) for some
λ2, λ3 ∈ k. Then the defining relations of H are of the following form:
gpq = 1, gx− xg = λ1(g − g
p+1), xp = λ2x+ λ3(1− g
p),
where λ1 ∈ I0,1 and λ2, λ3 ∈ k.
By induction, (g)(adR x)
n = λ1(1 − g
p)(g)(adR x)
n−1 = λn1g(1 − g
p)n for n > 1. In
particular, (g)(adR x)
p = λp−11 [g, x]. Note that [g, x
p] = [g, λ2x + λ3(1 − g
p)] = λ2[g, x].
The verification of (10) is easy and gives no condition. The verification of (11) reduces to
check that [g, xp] = (g)(adR x)
p which amounts to
(λ2 − λ
p−1
1 )λ1 = 0.
If λ1 = 1, then λ2 = 1 and we can take λ3 = 0 via the linear translation x := x−a(1−g
p)
satisfying ap−a = λ3, which gives one class of H described in (T7). If λ1 = 0, then we can
choose λ2 ∈ I0,1 by rescaling x. Note that we can choose λ3 = 0 via the linear translation
x := x − a(1 − gp) satisfying ap − λ2a = λ3, which gives two classes of H described in
(T8)–(T9). Clearly, they are pairwise non-isomorphic.
Case (4b). Suppose that q ∤ p − 1, i. e. gp
2
6= gp, then xp = λ2(1 − g
p2) for some λ2 ∈ k.
Then the defining relations of H are of the following form:
gpq = 1, gx− xg = λ1(g − g
p+1), xp = λ2(1− g
p2),
where λ1 ∈ I0,1, λ2 ∈ k. The verification of (10) is easy and gives no condition. Recall
that (g)(adR x)
p = λp1g(1 − g
p2). Since [g, xp] = [g, λ2(1 − g
p2)] = 0, the verification of
(11) reduces to check that [g, xp] = (g)(adR x)
p which amounts to λ1 = 0. Then we can
choose λ2 = 0 via the linear translation x := x− a(1− g
p) satisfying ap = λ2 and obtain
one class of H described in (T8).
Case (5). Assume that (i, j) = (q, 0). Then P1,gq(H) = k{x} ⊕ k{1 − g
q}. A direct
computation shows that gx − xg ∈ Pg,gq+1(H) ∩ H0 = k{g − g
q+1}, i. e. gx − xg =
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λ1(g − g
q+1) for some λ1 ∈ k. Note that g
qx− xgq = qλ1(g
q − g2q), then
∆(xp) = (x⊗ 1 + gq ⊗ x)p = xp ⊗ 1 + 1⊗ xp + (gq)(adR x)
p−1
= xp ⊗ 1 + 1⊗ xp + (qλ1)
p−1(gq − 1)⊗ x,
∆(xp − (qλ1)
p−1x) = (xp − (qλ1)
p−1x)⊗ 1 + 1⊗ (xp − (qλ1)
p−1x),
which implies that xp − (qλ1)
p−1x ∈ P(H) = 0. The defining relations of H are of the
following form:
gpq = 1, gx− xg = λ1(g − g
q+1), xp − (qλ1)
p−1x = 0.
By Lemma 2.21, [gpq, x] = pqgpq−1[g, x] = 0 and hence the ambiguity (10) is resolvable.
Observe that gxn = (x+ λ1(1− g
q))ng for n > 0. Then
(gx)xp−1 = (x+ λ1(1− g
q))pg = xpg + λp1(1− g
q)pg + (−λ1)(g
q)(adR x)
p−1g
= (qλ1)
p−1xg − λ1(qλ1)
p−1(gq − 1)g = g(xp),
that is, the overlap ambiguity (11) is resolvable.
If λ1 = 0, then we obtain one class of H described in (T10). If λ1 6= 0, then we can
take λ1 = 1 via the linear translation x := λ
−1
1 x, which gives one class of H described in
(T11). Clearly, they are not isomorphic.
Case (6). Assume that (i, j) = (q, j), j ∈ I1,q−1. Then P1,gq(H) = k{x}⊕k{1−gq}. A
direct computation shows that gx−ξjxg ∈ Pg,gq+1(H)∩H0 = k{g−g
q+1}, i. e. gx−ξjxg =
λ1(g − g
q+1) for some λ1 ∈ k.
By induction,
gnx = ξjngnx+ (
n−1∑
k=0
ξkj)λ1g
n−1(g − gq+1).
In particular, gqx− xgq = 0. Then by Theorem 2.1,
∆(xp) = xp ⊗ 1 + 1⊗ xp,
which implies that xp ∈ P(H) = 0. The defining relations of H are of the following form:
gpq = 1, gx− ξjxg = λ1(g − g
q+1), xp = 0,
where λ1 ∈ k. It is clear that the ambiguity (10) is resolvable. Note that gx
n = (ξjx +
λ1(1− g
q))ng for n > 0. Then
gxp = (ξjx+ λ1(1− g
q))pg = ξjpxpg + λp1(1− g
pq)g = 0 = g(xp),
that is, (11) is resolvable.
If λ1 = 0, then we obtain one class of H described in (T12). If λ1 6= 0, then we can
take λ1 = 1 by rescaling x, which gives one class of H described in (T13).
Assume that G(H) = Cp⋊Cq. Then dimR = p and Ĝ(H) = 〈χ〉 is a group of order q,
where χ(h) = 1 and χ(g) = ξ. Hence by Lemma 2.27, dimV = 1. Observe that the center
POINTED p
2
q-DIMENSIONAL HOPF ALGEBRAS IN POSITIVE CHARACTERISTIC 25
of G(H) is trivial. Let V := k{x}. Then by Remark 2.3, x ∈ V χ
i
1 for some i ∈ I0,q−1.
By [6, Proposition 6.3], we can take i ∈ I0,1 and then obtain two possible ways to realize
R ∈ H0H0YD.
Cases (7-8) grH = k〈g, h, x〉, with the defining relations and the coalgebra structure
given by
gq = hp = 1, ghg−1 = ht, gx− ξixg = 0, hx− xh = 0, xp = 0, i ∈ I0,1,
∆(g) = g ⊗ g, ∆(h) = h⊗ h, ∆(x) = x⊗ 1 + 1⊗ x.
It follows by a direct computation that gx−ξixg ∈ Pg,g(H)∩H0, hx−xh ∈ Ph,h(H)∩H0
and xp ∈ P(H) ∩Hp−1. Since P(H) = k{x}, gx− ξ
ixg = 0 = hx− xh in H , xp = λx for
some λ ∈ k. By rescaling x, we can take λ ∈ I0,1. The defining relations of H are of the
following form:
gq = hp = 1, ghg−1 = ht, gx− ξixg = 0, hx− xh = 0, xp = λx,
where λ ∈ I0,1. Applying the Diamond Lemma, it suffices to verify that the following
overlaps
(gp−1g)x = gp−1(gx),(12)
(gx)xp−1 = g(xxp−1),(13)
(hq−1h)x = hq−1(hx),(14)
(hx)xp−1 = h(xxp−1),(15)
are resolvable with the order x < g < h. Since
(gx)xp−1 = ξipxpg = ξipλxg = λξixg = g(xp),
(13) is resolvable. Similarly, other overlaps are resolvable and give no ambiguity condi-
tions. Therefore, we obtain four classes of H described in (T14) − (T17). Clearly, they
are pairwise non-isomorphic.
Assume that G(H) ∼= Cq ⋊ Cp. Then dimR = p. By Lemma 2.27, dimV = 1. Let
V := k{x}. Note that the center of k[G(H)] and Ĝ(H) are trivial. Then by Remark 2.3,
R ∈ H0H0YD by
(9) x ∈ V ǫ1 .
Case (9) grH = k〈g, h, x〉, with the defining relations and the coalgebra structure
given by
gp = hq = 1, ghg−1 = ht, gx− xg = 0, hx− xh = 0, xp = 0,
∆(g) = g ⊗ g, ∆(h) = h⊗ h, ∆(x) = x⊗ 1 + 1⊗ x.
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Then it follows by a direct computation that gx−xg = 0 = gy−yg and xp = λx for some
λ ∈ I0,1. The verification of (12)-(15) give no ambiguity conditions. Therefore, there are
two classes of H described in (T18)–(T19). Clearly, they are non-isomorphic.
Assume that G(H) ∼= Cq := 〈g〉. Then dimR = p
2 and Ĝ(H) ∼= 〈χ〉, where χ(g) = ξ
is a primitive qth root of unity. Hence by Lemma 2.27, dimV ∈ I1,2. Observe that the
category
Cq
Cq
YD is semisimple. Then there is an element x ∈ V such that x ∈ V χ
j
gi
for
some i, j ∈ I0,q−1. Moreover, q | ij; otherwise R contains a braided Hopf subalgebra
of dimension q, a contradiction. Therefore, i = 0 or j = 0. Hence by Theorem 2.30,
k{x} ∈
G(H)
G(H)YD by
• x ∈ V ǫ1 , x ∈ V
χ
1 or x ∈ V
ǫ
g .
Observe that dimB(k{x}) = p and R is a Nichols algebra. Then there exists y ∈ V −k{x}
such that c(y ⊗ y) = y ⊗ y. Hence, there exist k, l ∈ I0,q−1 such that y ∈ V
χl
gk
satisfying
χl(gk) = ξlk = 1, which implies that k = 0 or l = 0. Moreover, we have χj(g
k)χl(gi) =
ξkj+li = 1, that is, R = k[x, y]/(xp, yp). Without loss of generality, R ∈
G(H)
G(H)YD by
(10) x, y ∈ V ǫ1 .
(11) x ∈ V ǫ1 , y ∈ V
χ
1 ,
(12) x ∈ V χ1 , y ∈ V
χν
1 , ν ∈ I1,q−1,
(13) x ∈ V ǫ1 , y ∈ V
ǫ
g .
(14) x ∈ V ǫg , y ∈ V
ǫ
gν .
Cases (10-11). grH = k〈g, x, y〉, with the defining relations and the coalgebra struc-
ture given by
gq = 1, gx− xg = 0, gy − ξµyg = 0, xp = 0, yp = 0, xy − yx = 0,
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + 1⊗ x, ∆(y) = y ⊗ 1 + 1⊗ y.
Here, P(H) = k{x}⊕k{y}. Similar to the preceding discussions, we have gx−xg = 0 =
gy − ξµyg and xp, yp, xy − ξµyx ∈ P(H) = k{x} ⊕ k{y}. Then the defining relations of
H are of the form:
gq = 1, gx = xg, gy = ξµyg, xp = α1x+ α2y, y
p = β1x+ β2y, xy − yx = γ1x+ γ2y,
for some α1, α2, β1, β2, γ1, γ2 ∈ k.
Case (10): If µ = 0, then H is the tensor algebra of k[Cq] and the Hopf subalgebra
generated by P(H). Note that P(H) is a two-dimensional restricted Lie algebra.
Then by [31, Theorem7.4], we obtain five classes of H described in (T20)–(T24).
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Case (11): If µ = 1. Applying the Diamond Lemma, it suffice to verify the following
overlaps:
gq−1(gx) = (gq−1g)x, gq−1(gy) = (gq−1g)y,(16)
g(xxp−1) = (gx)xp−1, g(yyp−1) = (gy)yp−1,(17)
g(xy) = (gx)y,(18)
x(yyp−1) = (xy)yp−1, xp−1(xy) = (xp−1x)y,(19)
(xxp−1)x = x(xp−1x), (yyp−1)y = y(yp−1y).(20)
are resolvable with the order y < x < h < g. The verification of (17) amounts to
(ξ − 1)α2 = 0, (ξ
p − 1)β1 = 0, (ξ
p − ξ)β2 = 0,
which gives the ambiguity conditions α2 = 0 = β1, since ξ 6= 1 and ξ
p 6= 1. The
verification of (18) amounts to (ξ − 1)γ1 = 0 which gives the condition γ1 = 0..
Note that now [x, y] = γ2y. By induction, we have
xny = y(x+ γ2)
n, xyn = ynx+ nγ2y
n.
In particular, xpy = yxp + γp2y and xy
p = ypx. Then
(xp)y = (α1x)y = α1yx+ α1γ2y, x
p−1(xy) = yxp + γp2y = α1yx+ γ
p
2y,
x(yp) = β2xy = β2yx+ β2γ2y, (xy)y
p−1 = ypx = β2yx.
Hence the verification of (19) imposes the conditions
α1γ2 − γ
p
2 = 0, β2γ2 = 0.
Finally, it follows by a direct computation that the ambiguities (16) and (20) are
resolvable.
Case (11a): Suppose that q ∤ p−1, then ξp 6= ξ and hence β2 = 0. In this case,
we can take α1 ∈ I0,1 by rescaling x. If α1 = 0, then γ2 = 0 and we obtain
one class of H described in (T25). If α1 = 1, then we can take γ2 ∈ I0,1 by
rescaling x and obtain two classes of H described in (T26) and (T29).
Case (11b): Suppose that q | p− 1, then we take β2 ∈ I0,1 by rescaling y.
If β2 = 1, then γ2 = 0 and we can take α1 ∈ I0,1 by rescaling x, which gives
two classes of H described in (T27)–(T28). If β2 = 0, then we can take
α1 ∈ I0,1 by rescaling x. If α1 = 0, then γ2 = 0 and we obtain one class of
H described in (T25). If α1 = 1, then we can take γ2 ∈ I0,1 by rescaling x
and obtain two classes of H described in (T26) and (T29). Clearly, they are
pairwise non-isomorphic.
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Case (12). grH = k〈g, x, y〉, with the defining relations and the coalgebra structure
given by
gq = 1, gx− ξxg = 0, gy − ξνyg = 0, xp = 0, yp = 0, xy − yx = 0,
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + 1⊗ x, ∆(y) = y ⊗ 1 + 1⊗ y.
Here P(H) = k{x}⊕k{y}. Direct computation show that gx−ξxg, gy−ξνyg ∈ Pg,g(H)∩
H0 = 0 and x
p, yp, xy − yx ∈ P(H). Then the defining relations of H are of the form:
gq = 1, gx = ξxg, gy = ξνyg, xp = α1x+ α2y, y
p = β1x+ β2y, xy − yx = γ1x+ γ2y,
for some α1, α2, β1, β2, γ1, γ2 ∈ k. The verification of (16)–(17) amounts to
α1(ξ − ξ
p) = 0 = α2(ξ
ν − ξp), β1(ξ − ξ
pν) = 0 = β2(ξ
ν − ξpν).
The verification of (18) and (20) amounts to the conditions
γ1(ξ − ξ
ν+1) = 0 = γ2(ξ
ν − ξν+1), α2γ1 = α2γ2 = β1γ1 = β1γ2 = 0,
which imposes the ambiguity condition
γ2 = 0,
since ξν 6= ξν+1. Then by induction, we have [xp, y] = 0 and [x, yp] = γp1x. Thus the
verification of (19) amounts to the conditions
α1γ1 = 0, β2γ1 − γ
p
1 = 0.
Case (12a): If ν = 1, then γ1 = 0 since ξ
2 − ξ 6= 0.
(1) Suppose that q ∤ p− 1, then ξp 6= ξ and hence α1 = α2 = β1 = β2 = 0, which
gives one class of H described in (T30).
(2) Suppose that q | p−1, then ξp = ξ and hence γ1 = 0 = γ2, that is, xy−yx = 0
in H . Hence P(H) is a restricted abelian Lie algebra. Observe that in this
case, H ∼= UL(P(H))♯k[Cq] with the k[Cq] action on U
L(P(H)) given by
g ·x = ξx and g ·y = ξy. Here UL(P(H)) is the restricted universal enveloping
algebra of P(H). Hence by [31, Proposition A.3.] we obtain four classes of H
described in (T30)–(T33).
Case (12b): Suppose that ν 6= 1. We claim that γ1 = 0. If γ 6= 0, then we can take
γ1 = 1 by rescaling y. Moreover, from the ambiguity conditions, we have α1 = 0,
β2 = 1, ξ = ξ
ν+1, which implies that q | ν. It is a contradiction, since ν ∈ I1,q−1.
Therefore, xy − yx = 0 in H .
(1) Suppose that q | p − 1, i. e. ξp = ξ, then α2 = 0 = β1 since ξ
µ 6= ξp and
ξ 6= ξpµ. We can choose α1, β2 ∈ I1,0 by rescaling x, y and obtain four classes
of H described in (T34) and (T36)–(T38).
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(2) Suppose that q | p − ν, i. e. ξp = ξν , then α1 = 0, β1 = 0 and β2 = 0 since
ξp 6= ξ, ξpµ 6= ξ. We can take α2 ∈ I0,1 by rescaling x and we obtain two
classes of H described in (T34) and (T35).
(3) Suppose that q | pν − 1, i. e. ξpν = ξ, then α1 = 0 = α2 = β2. We can take
β1 ∈ I0,1 by rescaling x and obtain two classes of H described in (T34) and
(T39).
(4) Otherwise, α1 = 0 = α2 and β1 = 0 = β2. We obtain one class of H described
in (T34).
Now we claim that the Hopf algebras described in (T36) and (T37) are iso-
morphic if and only if ν = q−1. Suppose that φ is a Hopf algebra isomorphism
from the Hopf algebra described in (T36) to (T37). Then by definition, there
are α1, α2, β1, β2 such that
φ(x) = α1x+ α2y, φ(y) = β1x+ β2y.
Applying φ to the relations xp − x = 0, yp = 0, [x, y] = 0, it follows that
α1 = β2 = 0 and α
p
2 − α2 = 0. Then applying φ to the rest of the defining
relations, we have ξν
2−1 = 1, that is, ν = q− 1, a contradiction. If ν = q− 1,
then by swapping x and y, the Hopf algebras described in (T36) and (T37)
are isomorphic. Therefore, the claim follows.
Similarly, if q | p− ν and q | pν−1, the Hopf algebras described in (T35) and
(T39) are isomorphic if and only if ν = q − 1.
Case (13). grH = k〈g, x, y〉, with the defining relations and the coalgebra structure
given by
gq = 1, gx− xg = 0, gy − yg = 0, xp = 0, yp = 0, xy − yx = 0,
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + 1⊗ x, ∆(y) = y ⊗ 1 + g ⊗ y.
Here, P(H) = k{x}, P1,g(H) = k{y}⊕k{1− g}. It follows by a direct computation that
gx− xg ∈ Pg,g(H)∩H0 = 0, gy− yg ∈ Pg,g2(H)∩H0 = k{x}, x
p ∈ P(H)∩Hp−1 = k{x}.
Hence gx− xg = 0, gy − yg = λ1(g − g
2), xp = λ2x for some λ1, λ2 ∈ k. Since
0 = [1, y] = [gq, y] = qgq−1[g, y] = λ1qg
q(1− g) = λ1q(1− g),
it follows that λ1 = 0, that is, gy − yg = 0 in H . Then
∆(xy − yx) = (xy − yx)⊗ 1 + g ⊗ (xy − yx),
∆(yp) = yp ⊗ 1 + gp ⊗ yp,
which implies that xy − yx = λ3y + λ4(1− g) for some λ3, λ4 ∈ k and y
p ∈ P1,gp(H).
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Case (13a). Suppose that q | p − 1, i. e. gp = g . Then yp = λ5y + λ6(1 − g
p) for some
λ5, λ6 ∈ k. The defining relations of H are of the form:
gq = 1, gx− xg = 0, gy − yg = 0, xp = λ2x,
xy − yx = λ3y + λ4(1− g), y
p = λ5y + λ6(1− g
p),
where λ2, λ3, . . . , λ6 ∈ k.
By induction, for n > 0, we have
xyn = ynx+ nλ3y
n + nλ4(1− g)y
n−1,
xny = y(x+ λ3)
n + λ4(1− g)
n−1∑
k=0
(x+ λ3)
n−k−1xk.
In particular, we have
xyp = ypx,
xpy = yxp + λp3y + λ4(1− g)
p−1∑
k=0
(x+ λ3)
p−k−1xk
= yxp + λp3y + λ4(1− g)
p−1∑
k=0
p−1−k∑
i=0
(
p− 1− k
i
)
xp−1−iλi3
= yxp + λp3y + λ4λ
p−1
3 (1− g).
Then
x(yp) = λ5xy + λ6(1− g
p)x = λ5yx+ λ3λ5y + λ4λ5(1− g) + λ6(1− g
p)x,
(xy)yp−1 = (yp)x = λ5yx+ λ6(1− g
p)x,
(xp)y = λ2xy = λ2yx+ λ2λ3y + λ2λ4(1− g),
xp−1(xy) = y(xp) + λp3y + λ4(1− g)
p−1∑
k=0
(x+ λ3)
p−1−kxk
= λ2yx+ λ
p
3y + λ4λ
p−1
3 (1− g).
Then the overlaps x(yyp−1) = (xy)yp−1,xp−1(xy) = (xp−1x)y gives the conditions
(λ2 − λ
p−1
3 )λ3 = 0 = (λ2 − λ
p−1
3 )λ4, λ5λ3 = 0 = λ5λ4.
It is easy to check that other overlaps are resolvable and give no ambiguity conditions.
If λ2 = 0, then λ3 = 0 and we can choose λ6 = 0 via the linear translation y :=
y−a(1−g) satisfying ap−λ5a = λ6. Furthermore, we can also take λ4, λ5 ∈ I0,1. Observe
that λ4λ5 = 0. Consequently, we obtain three classes of H described in (T40)–(T41) and
(T44).
POINTED p
2
q-DIMENSIONAL HOPF ALGEBRAS IN POSITIVE CHARACTERISTIC 31
If λ2 6= 0, then we can take λ2 = 1 by rescaling x. If λ2 = 1 and λ5 = 1, then
λ3 = λ4 = 0. We can choose λ6 = 0 via the linear translation y := y + a(1− g) satisfying
ap − a = λ6 which gives one class of H described in (T42).
If λ2 = 1 and λ5 = 0, then λ
p
3 = λ3 and (1 − λ
p−1
3 )λ4 = 0. Hence we can take λ3 ∈ I0,1
by rescaling x and take λ6 = 0 via the linear translation y := y − a(1 − g) satisfying
ap = λ6. If λ3 = 0, then λ4 = 0, which gives one class of H described in (T43). If λ3 = 1,
then we take λ4 ∈ I0,1, which gives two classes of H described in (T45)–(T46).
Case (13b). Suppose that q ∤ p − 1, i. e. gp 6= g . Then yp = λ7(1 − gp) for some λ7 ∈ k.
The defining relations of H are of the form:
gq = 1, gx− xg = 0, gy − yg = 0, xp = λ2x,
yp = λ7(1− g
p), xy − yx = λ3y + λ4(1− g),
Similar to the last case, we have
[x, yp] = 0, [xp, y] = λp3y + λ
p−1
3 λ4(1− g).
Applying the Diamond Lemma, the verification of overlaps (16)–(19) amounts to the
ambiguity conditions:
λ2λ3 − λ
p
3 = 0 = λ2λ4 − λ
p−1
3 λ4.
We take λ7 = 0 via the linear translation y := y + a(1 − g) satisfying a
p = λ7.
If λ2 = 0, then λ3 = 0 and we can take λ4 ∈ I0,1 by rescaling x, which gives two classes
of H described in (T40) and (T44).
If λ2 6= 1, then we can take λ2 = 1 by rescaling x. Hence λ
p
3 = λ3 and (λ
p−1
3 −1)λ4 = 0.
We can take λ3 ∈ I0,1 by rescaling x. If λ3 = 0, then λ4 = 0 and we obtain one class of
H described in (T43). If λ3 = 1, then we take λ4 ∈ I0,1 by rescaling y, which gives two
classes of H described in (T45)–(T46).
Consider the subalgebras of H generated by g, x and g, y, it is clear that they are
Hopf subalgebras of dimension pq. Then by Theorem 2.30, it is easy to see that the Hopf
algebras described in (T40)–(T43) are pairwise non-isomorphic. Clearly, the Hopf algebra
described in (T44) is not isomorphic to Hopf algebras described in (T45)–(T46). We claim
that the Hopf algebras described in (T45) and (T46) are non-isomorphic. Indeed, if there
is an isomorphism φ from the Hopf algebra described in (T45) to (T46), then by definition,
there are a 6= 0, b ∈ k such that
φ(g) = g, φ(x) = x, φ(y) = ay + b(1− g).
Applying φ to the relations yp = 0, it follows that b = 0 and hence φ([x, y] − y) =
a([x, y] − y) 6= [x, y]− y − 1 + g, a contradiction. Therefore, the claim follows. Observe
that the Hopf algebras described in (T40)–(T43) are commutative and (T44)–(T46) are
not. Then the Hopf algebras described in (T40)–(T46) are pairwise non-isomorphic.
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Case (14). grH = k〈g, x, y〉, with the defining relations and the coalgebra structure
given by
gq = 1, gx− xg = 0, gy − yg = 0, xp = 0, yp = 0, xy − yx = 0,
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + g ⊗ x, ∆(y) = y ⊗ 1 + gν ⊗ y.
A direct computation shows that gx− xg = λ1(g − g
2) and gy − yg = λ2(g − g
ν+1) for
some λ1, λ2 ∈ k. Since
0 = [1, x] = [gq, x] = qgq−1[g, x] = λ1qg
q(1− g) = λ1q(1− g),
0 = [1, y] = [gq, y] = qgq−1[g, y] = λ2qg
q(1− gν) = λ2q(1− g
ν),
it follows that λ1 = 0 = λ2 and hence gx− xg = 0 = gy − yg in H . Then
∆(xp) = (x⊗ 1 + g ⊗ x)p = xp ⊗ 1 + gp ⊗ xp,
∆(yp) = (y ⊗ 1 + gν ⊗ y)p = yp ⊗ 1 + gpν ⊗ yp,
∆(xy − yx) = (xy − yx)⊗ 1 + gν+1 ⊗ (xy − yx),
that is, xp ∈ P1,gp(H), y
p ∈ P1,gpν (H) and xy − yx ∈ P1,gν+1(H).
Case (14a) If ν 6= 1, then xp ∈ P1,gp(H), y
p ∈ P1,gpν(H) and xy − yx ∈ P1,gν+1(H).
Observe that P1,g(H) = k{x} ⊕ k{1− g}, P1,gν (H) = k{y} ⊕ k{1− g
ν}.
Case (14a1): Suppose that q | p − 1, i. e. gp = g, gpν = gν. Then the defining
relations of H are of the form:
gq = 1, gx− xg = 0, gy − yg = 0, xy − yx = λ3(1− g
ν+1),
yp = λ4y + λ5(1− g
ν), xp = λ6x+ λ7(1− g
p),
where λ3, . . . , λ7 ∈ k. In particular, we set λ3 = 0 if ν = q−1. Then after a direct
computation, the overlaps (16), (17), (18) are resolvable and give no ambiguity
condition. By induction, for n > 0, we have
xny = yxn + nλ3(1− g
ν+1)xn−1, xyn = ynx+ nλ3(1− g
ν+1)yn−1.
In particular, xpy = yxp and xyp = ypx. Then
(xp)y = λ6(xy) + λ7(1− g
p)y = λ6yx+ λ3λ6(1− g
ν+1) + λ7(1− g
p)y,
xp−1(xy) = y(xp) = λ6yx+ λ7(1− g
p)y,
x(yp) = λ4xy + λ5x(1− g
ν) = λ4yx+ λ3λ4(1− g
ν+1) + λ5x(1− g
ν),
(xy)yp−1 = (yp)x = λ4yx+ λ5(1− g
ν)x.
Hence the verification of (19) amounts to
λ3λ6 = 0, λ3λ4 = 0.
We choose λ5 = 0 = λ7 via the linear translation y := y − a(1 − g
ν), x :=
x − b(1 − g) satisfying ap − λ4a = λ5, b
p − λ6b = λ7. If λ3 = 0, then we can take
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λ4, λ6 ∈ I0,1 by rescaling x, y, which gives four classes of H described in (T47)–
(T50). If λ3 = 1, then λ4 = 0 = λ6, which gives one class of H described in
(T51). It is easy to see that the Hopf algebras described in (T48) and (T49) are
isomorphic if ν = q−1; otherwise the Hopf algebras described in (T47)–(T51) are
pairwise non-isomorphic.
Case (14a2): Suppose that q ∤ p − 1, i. e. gp 6= g, gpν 6= gν. Then the defining
relations of H are of the form:
gq = 1, gx− xg = 0, gy − yg = 0, xy − yx = λ3(1− g
ν+1),
yp = λ4(1− g
pν), xp = λ5(1− g
p)
where λ3, λ4, λ5 ∈ k. In particular, we set λ3 = 0 if ν = q − 1. We take λ4 =
0 = λ5 via the linear translation x := x − a(1 − g), y := y − b(1 − g
ν) satisfying
ap = λ5, b
p = λ4. Then we choose λ3 ∈ I0,1 by rescaling x, which gives two classes
of H described in (T47) and (T51).
Case (14b) If ν = 1, then xp, yp ∈ P1,gp(H) and xy − yx ∈ P1,g2(H). Observe that
P1,g(H) = k{x} ⊕ k{y} ⊕ k{1− g} and P1,g2(H) = k{1− g
2}.
Case (14b1). Suppose that q | p− 1, i. e. gp = g. Then the defining relations of H are of
the form:
gq = 1, gx− xg = 0, gy − yg = 0, xp = λ3x+ λ4y + λ5(1− g
p),
yp = λ6x+ λ7y + λ8(1− g
p), xy − yx = λ9(1− g
2),
where λ3, . . . , λ9 ∈ k. If q = 2, then we set λ9 = 0. By induction, for n > 0,
xny = yxn + nxn−1λ9(1− g
2), xyn = ynx+ nyn−1λ9(1− g
2).
In particular, xpy = yxp and xyp = ypx. Then
xp−1(xy) = yxp = λ3yx+ λ4y
2 + λ5y(1− g
p),
(xp)y = λ3xy + λ4y
2 + λ5y(1− g
p) = λ3yx+ λ3λ9(1− g
2) + λ4y
2 + λ5y(1− g
p),
(xy)yp−1 = ypx = λ6x
2 + λ7yx+ λ8(1− g
p)x,
x(yp) = λ6x
2 + λ7xy + λ8(1− g
p)x = λ6x
2 + λ7yx+ λ9λ7(1− g
2) + λ8(1− g
p)x.
Hence the verification of (19) amounts to
λ3λ9 = 0, λ7λ9 = 0.
Similarly, the overlaps (16), (17), (18) are resolvable and give no ambiguity conditions.
The verification of (20) amounts to the condition
λ4λ9 = 0 = λ6λ9.
We can choose λ9 ∈ I0,1 by rescaling x, y.
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If λ9 = 0, then we can take λ5 = 0 via the linear translation x := x + α1(1 − g), y :=
y + α2(1− g) satisfying
αp1 − λ3α1 − λ4α2 = λ5, α
p
2 − λ6α1 − λ7α2 = 0.
Indeed, since k is algebraically closed, the equations have the solutions. Similarly, we can
also take λ8 = 0.
Let S := k[x, y]/(xp = λ3x+ λ4y, y
p = λ6x+ λ7y) ∈
Cq
Cq
YD by
g · x = x, g · y = y, δ(x) = g ⊗ x, δ(y) = g ⊗ y;
∆S(x) = x⊗ 1 + 1⊗ x, ∆S(y) = y ⊗ 1 + 1⊗ y.
Observe that P(S) is a restricted abelian Lie algebra and S is a usual connected Hopf
algebra of dimension p2. Then by [31, Proposition A.3], S is isomorphic either to
• k[x, y]/(xp, yp),
• k[x, y]/(xp − x, yp),
• k[x, y]/(xp − y, yp),
• k[x, y]/(xp − x, yp − y).
It is easy to see that H ∼= S♯k[Cq], that is, H is a smash coproduct Hopf algebra. Hence
we obtain four classes of H described in (T52)–(T55).
If λ9 = 1, then λ3 = 0 = λ7 and λ4 = 0 = λ6. We can take λ5 = 0 = λ8 via the linear
translation x := x − a(1 − g), y := y − b(1 − g) satisfying ap = λ5 and b
p = λ8, which
gives one class of H described in (T56). Since the Hopf algebra described in (T56) is not
commutative, it is not isomorphic to the Hopf algebras described in (T52)–(T55).
Case (14b2). Suppose that q ∤ p− 1, i. e. gp 6= g. Then the defining relations of H are of
the form:
gq = 1, gx− xg = 0, gy − yg = 0, xp = λ3(1− g
p),
yp = λ4(1− g
p), xy − yx = λ5(1− g
2),
where λ3, λ4, λ5 ∈ k. If q = 2, then we set λ5 = 0. We can take λ3 = 0 = λ4 via the
linear translation x := x + a(1 − g), y := y + b(1 − g) satisfying ap = λ3, b
p = λ4. Then
we choose λ5 ∈ I0,1, which gives two classes of H described in (T52) and (T56). 
Remark 3.3. The Hopf algebras described in (T36) and (T37) are isomorphic if and only
if ν = q − 1. The Hopf algebras described in (T48) and (T49) are isomorphic if and only
if ν = q − 1. If q | p − ν and q | pν − 1, then the Hopf algebras described in (T35) and
(T39) are isomorphic if and only if ν = q − 1.
Remark 3.4. By Theorem 3.2, there are 56 types of pointed Hopf algebras of dimension
p2q that are generated by the first term of the coradical filtration. Among them, the types
(T5)-(T6), (T11)-(T13), (T44)-(T46), (T51) and (T56) are non-commutative and non-
cocommutative.
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3.2. Pointed Hopf algebras of dimension p2q whose diagrams are not Nichols
algebras. Now we determine all pointed Hopf algebras of dimension p2q whose diagrams
are not Nichols algebras.
Lemma 3.5. Let H be a pointed Hopf algebra over k of dimension p2m whose diagram
R is not a Nichols algebra. Assume that dimH0 = m. Then R ∼= k[x, y]/(x
p, yp) ∈ H0H0YD
by
(1) x ∈ V χg , δ(y) = g
p ⊗ y, h · y = χp(h)y, for any h ∈ G(H),
where g lies in the center of G(H), χ ∈ Ĥ0 satisfying χ(g) = 1, x ∈ V := R(1) and
y ∈ R(p) with the comultiplication in R given by
∆R(y) = y ⊗ 1 + 1⊗ y + ω0(x),
where ω0(x) =
∑p−1
i=1
(p−1)!
i!(p−i)!
xi ⊗ xp−i.
Proof. It is clear that dimB(V ) = p and hence dimV = 1. Let V := k{x}. Then
c(x⊗ x) = x⊗ x and B(V ) ∼= k[x]/(xp). By Remark 2.3, V ∈
G(H)
G(H)YD by
• x ∈ V χg , where g lies in the center of H0, χ ∈ Ĥ0 satisfying χ(g) = 1.
Observe that R is a connected coradically graded braided Hopf algebra and B(V ) is a
braided Hopf subalgebra of R generated by R(1). Since dimB(V ) = p and dimR = p2,
there is an element y ∈ R(m)−B(V )(m) such that R(k) = B(V )(k) for some m > 1 and
0 ≤ k < m. Moreover, ∆R(y) = y⊗1+1⊗y+ω, where ω ∈ ⊕
p−1
k=1B(V )(m−k)⊗B(V )(k).
By definition, ω = −d1(y) ∈ H2(k,B(V )).
We claim that ω 6= 0 in H2(k,B(V )). Indeed, if ω = 0 in H2(k,B(V )), then there
exists an element t ∈ B(V ) such that d1(t) = ω. Hence d1(y + t) = 0, that is, ∆(y + t) =
(y + t)⊗ 1 + 1⊗ (y + t), which implies that y + t ∈ P(R) = R(1). Therefore, y ∈ B(V ),
a contradiction.
We claim that dimH2(k,B(V )) = 1 with a basis ω0(x). This follows by [21, 3.2. Case
C]. Indeed, it follows by a direct computation that ω0(x) ∈ H
2(k,B(V )) and B(V ∗) ∼=
k[Cp]. Then by Propositions 2.8 & 2.10, B(V
∗) ∼= B(V )∗ bop and
dimH2(k,B(V )) = dimH2(B(V ∗),k) = dimH2(k[Cp],k) = 1.
Similar to the proof of [26, Lemma 2.6], if ω0(x) = 0 in H
2(k,B(V )), then there exists
s ∈ B(V ) such that −d1(s) = ω0(x), that is, ∆R(s) = s⊗ 1+ 1⊗ s+ω0(x). Observe that
ω0(x) ∈
∑p−1
i=1 R(i)⊗R(p−i) and {x
i}p−1i=0 is a basis of B(V ). Then s =
∑p−1
i=0 mix
i for some
mi ∈ k. Since ∆(x
i) ∈ ⊕ij=0R(j)⊗ R(i− j), we have ∆(s) ∈ ⊕
p−1
i=0 ⊕
i
j=0 R(j)⊗ R(i− j),
which implies that ω0(x) ∈ ⊕
p−1
i=0 ⊕
i
j=0 R(j)⊗R(i− j), a contradiction.
Therefore, ω = kω0(x) for some k 6= 0 ∈ k and hence m = p. By rescaling y, we have
∆R(y) = y ⊗ 1 + 1⊗ y + ω0(x).
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Since B(R)(p) = 0, it follows by [21, Theorem 2.7] that d1 : R(p) →֒ H2,p(B(V ),k) is
bijective in
G(H)
G(H)YD. Then dimR(p) = 1. Let R(p) := k{y}. After a direct computation
we have the following statements:
• If x ∈ V χg , then for any h ∈ G(H),
δ(ω) = gp ⊗ ω, h · ω = χp(h)ω; δ(y) = gp ⊗ y, h · y = χp(h)y.
Then we have
c(y ⊗ y) = gp · y ⊗ y = χp(gp)y ⊗ y = y ⊗ y, c(x⊗ y) = y ⊗ x, c(y ⊗ x) = x⊗ y,
which implies that ∆(xy−yx) = (xy−yx)⊗1+1⊗ (xy−yx), that is, xy−yx ∈ P(R) =
R(1) ∩R(p + 1). Hence xy − yx = 0 in R. Then
∆(yp) = (y ⊗ 1 + 1⊗ y + ω0(x))
p = yp ⊗ 1 + 1⊗ yp + ω0(x)
p
= yp ⊗ 1 + 1⊗ yp + ω0(x
p) = yp ⊗ 1 + 1⊗ yp,
which implies that yp ∈ R(1) ∩ R(p2) and hence yp = 0. Let S be the subalgebra of R
generated by x, y. Then S ∼= k[x, y]/(xp, yp). Moreover, S is a braided Hopf subalgebra
of R. Since dimR = p2, R ∼= S. 
Remark 3.6. The braided Hopf algebra R in Lemma 3.5 is a usual co-commutative graded
connected Hopf algebra of dimension p2, which were classified in [13] (see also [31, 21]).
Indeed, from the proof of Lemma 3.5, we have c(x ⊗ x) = x ⊗ x, c(y ⊗ y) = y ⊗ y,
c(x ⊗ y) = y ⊗ x and c(y ⊗ x) = x ⊗ y, that is, the braiding of R is trivial. Moreover,
R ∼= ⊕
p2−1
i=0 R(i) with dimR(i) = 1. In particular, R
∗ ∼= k[Cp2] as algebras.
Corollary 3.7. Let H be a pointed Hopf algebra over k of dimension p2m with (p,m) = 1
whose diagram R is not a Nichols algebra. Assume that G(H) is a cycle group of order
m. Then R ∼= k[x, y]/(xp, yp) ∈ H0H0YD by
(15) x ∈ V ǫ1 , δ(y) = 1⊗ y, g · y = y,
(16) x ∈ V χ
θ
1 , δ(y) = 1⊗ y, g · y = χ(g
p)y, θ ∈ I1,m−1,
(17) x ∈ V ǫ
gθ
, δ(y) = gpθ ⊗ y, g · y = y,
(18) x ∈ V χ
τ
gθ
, δ(y) = δ(y) = gpθ ⊗ y, g · y = χpτ (g)y satisfying ξθτ = 1 for some
τ, θ ∈ I1,m−1.
where g is a generator of G(H), χ ∈ Ĝ(H) satisfying χ(g) = ξ is a primitive m-th root
of unity, x ∈ V := R(1) and y ∈ R(p) with the comultiplication in R given by
∆R(y) = y ⊗ 1 + 1⊗ y + ω0(x).
Proof. By Lemma 3.5, V := k{x} ∈
G(H)
G(H)YD by
• x ∈ V χ
j
gi
for some i, j ∈ I0,m−1 satisfying χj(gi) = ξij = 1.
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Hence m | ij. Without loss of generality, we can divide (i, j) into four cases listed in the
corollary. 
Let H be a pointed Hopf algebra over k of dimension p2m with (p,m) = 1 whose
diagram R is not a Nichols algebra. Assume that G(H) is a cycle group of order m. Then
by Lemma 3.5, B(R(1))♯H0 is a pointed Hopf algebra of dimension pm with generators
g, x. Therefore, B(R(1))♯H0 is isomorphic to one of the Hopf algebras described in (a)–(h)
in Lemma 2.28.
If A is isomorphic to one of the Hopf algebras described in (a)–(d), then it follows by a
direct computation that ω0(x) ∈ H
2(k, A). Similar to the proof of Lemma 3.5, ω0(x) 6= 0
in H2(k, A), which implies that dimH2(k, A) > 0.
Now we claim that dimH2(k, A) = 1. Indeed, as the proof in [35, Lemma8.4], for
any h ∈ G(A), the coradical filtration {An}
p
n=0 of A induces a filtration on the com-
plex C• = Cn(1kh, A), dn)n∈N denoted by {Fn(C
•)} and then gives rise to a spectral
sequence E starting with E0pq = Fp(C
p+q)/Fp−1(C
p+q) and E1pq = Hp+q(E
0
p∗). By [32,
Theorem5.5.1], E convergent to H•(1kh, A). Then dimH2(1kh, A) ≤ dimH2(1kh, grA) =
dimH2(k,k[x]/(xp)) = 1, since E1 page is just H•(1kh, grA). The similar claim, one can
see [21, Proposition 1.5.5 and 4.3].
Similarly, if A is isomorphic to one of the Hopf algebras described in (e)–(h), then
ωθ(x) 6= 0 ∈ H
2(1kg
θp
, A) and dimH2(1kg
θp
, A) = 1.
Therefore, there exists an element y ∈ H − A such that −d11,gkp(y) = ωk(x), where
x ∈ P1,gk(A), that is,
∆(y) = y ⊗ 1 + gkp ⊗ y + ωk(x), ∆(x) = x⊗ 1 + g
k ⊗ x.
Let L be the subalgebra of H generated by A and y, that is, L = A + ky. It is clear
that S(L) ⊂ L, which implies that L is a Hopf subalgebra of H containing properly A.
Since dimH = p2m and dimA = pm, it follows by Nichols-Zoeller Theorem, H = L. In
summary, we have the following result.
Lemma 3.8. Let H be a pointed Hopf algebra over k of dimension p2m with (p,m) = 1
whose diagram R is not a Nichols algebra and A a pm-dimensional pointed Hopf subalgerba
of H. Assume that G(A) = G(H) is a cyclic group of order m. Then A is isomorphic to
one of the Hopf algebras described in (a)–(f) in Lemma 2.28 with generators g, x and
H = A + ky,
with the comultiplication given by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + gk ⊗ x, ∆(y) = y ⊗ 1 + gkp ⊗ y + ωk(x),
where k ∈ {0, θ}.
From the preceding discussion, H is a lifting of grH and ∆(y) in grH admits no
deformations.
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Theorem 3.9. Let H be a pointed Hopf algebra over k of dimension p2m with (p,m) = 1
whose diagram R is not a Nichols algebra. Assume that G(H) is a cyclic group of order
m. Then H is isomorphic to one of the following Hopf algebras
(U1) : k[g, x, y]/(gm − 1, xp, yp) ∼= k[Cm]⊗ k[x, y]/(x
p, yp),
(U2) : k[g, x, y]/(gm − 1, xp, yp − x) ∼= k[Cm]⊗ k[x, y]/(x
p, yp − x),
(U3) : k[g, x, y]/(gm − 1, xp − x, yp − y) ∼= k[Cm]⊗ k[x, y]/(x
p − x, yp − y),
(U4) : k〈g, x, y〉/(gm− 1, gx− ξθxg, gy− ξθpyg, [x, y], xp, yp), where ξ is a primitive
mth root of unity,
(U5) : k〈g, x, y〉/(gm − 1, gx− ξθxg, gy − ξθpyg, [x, y], xp, yp − x), ord(ξθ) | p− 1,
(U6) : k〈g, x, y〉/(gq− 1, gx− ξθxg, gy− ξθpyg, [x, y], xp−x, yp− y), ord(ξθ) | p− 1,
with the coalgebra structure given by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + 1⊗ x, ∆(y) = y ⊗ 1 + 1⊗ y + ω0(x),
(U7) : k[g, x, y]/(gm − 1, xp − x, yp − y), |gθ| | p− 1,
(U8) : k[g, x, y]/(gm − 1, xp, yp),
(U9) : k[g, x, y]/(gm − 1, xp, yp − x), |gθ| | p− 1,
(U10): k〈g, x, y〉/(gm−1, gx−xg, gy−yg, xp, [x, y]−1+gθ(p+1), yp+(1−gθ(p+1))p−1x−
x), |gθ| | p− 1, |gθ| ∤ p+ 1,
(U11) : k〈g, x, y〉/(gm−1, gx−ξτxg, gy−ξτpyg, [x, y], xp−x, yp−y), [|gθ|, ord(ξτ)] |
p− 1,
(U12) : k〈g, x, y〉/(gm − 1, gx− ξτxg, gy − ξτpyg, [x, y], xp, yp),
(U13) : k〈g, x, y〉/(gm − 1, gx − ξτxg, gy − ξτpyg, [x, y], xp, yp − x), [|gθ|, ord(ξτ)] |
p− 1,
(U14): k〈g, x, y〉/(gm−1, gx−ξτxg, gy−ξτpyg, [x, y]−1+gp+1, yp+(1−gp+1)p−1x−x),
m ∤ p+ 1, m | (p+ 1)τ and [|gθ|, ord(ξτ)] | p− 1,
with the coalgebra structure given by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + gθ ⊗ x, ∆(y) = y ⊗ 1 + gθp ⊗ y + ωθ(x).
Proof. We determine liftings of graded Hopf algebras R♯H0 classified in Corrollary 3.7 by
a case by case computation. Recall that grH = k〈g, x, y〉, subject to the relations
gm = 1, gx− ξjxg = 0, gy − ξpjyg = 0, xp = 0, yp = 0, xy − yx = 0,
with the coalgebra structure given by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + gi ⊗ x, ∆(y) = y ⊗ 1 + gpi ⊗ y + ωi(x).
where i, j ∈ I0,m−1 satisfying ξij = 1.
By Lemma 3.8, the relation gx − ξjxg = 0 must hold in A. Observe that gix = xgi.
Then by Theorem 2.1, xp ∈ P1,gpi(H). Furthermore, a direct computation shows that
∆(x)ωi(x) = ωi(x)∆(x),
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Then we have
∆(xy − yx) = (xy − yx)⊗ 1 + gi(p+1) ⊗ (xy − yx),
that is, xy − yx ∈ P1,gi(p+1)(H).
Observe that gx = ξjxg. Then (g ⊗ g)ωpi(x) = ξ
pjωpi(x)(g ⊗ g) and hence
∆(gy − ξjpyg) = ∆(g)∆(y)− ξjp∆(y)∆(g)
= ∆(g)(y ⊗ 1 + gpi ⊗ y)− ξjp(y ⊗ 1 + gpi ⊗ y)∆(g) + ∆(g)ω0(x)− ξ
jpω0(x)∆(g)
= (gy − ξjpyg)⊗ g + gpi+1 ⊗ (gy − ξjpyg),
which implies that gy − ξjpyg ∈ Pg,gpi+1(H) ∩Hp−1.
Case (15-16). Assume that i = 0. Then xy−yx, xp ∈ P(H) = k{x} and gy−ξjpyg ∈
Pg,g(H)∩Hp−1 = k{xg}, which implies that x
p = λ1x, xy−yx = λ2x and gy−ξ
θpyg = λxg
for some λ1, λ2, λ ∈ k.
Now we calculate the liftings of the relation yp = 0. With all the relations we have in
H , it follows by a direct computation that
ω0(x)(adR (λω0(x) + y ⊗ 1 + 1⊗ y))
p−1 = ω0(x)(adR (y ⊗ 1 + 1⊗ y))
p−1.
Here λ is a variable. Then by Proposition 2.17,
∆(yp) = (y ⊗ 1 + 1⊗ y + ω0(x))
p
= (y ⊗ 1 + 1⊗ y)p + ω0(x)
p + ω0(x)(adR (y ⊗ 1 + 1⊗ y))
p−1
= yp ⊗ 1 + 1⊗ yp + ω0(x
p) + ω0(x)(adR (y ⊗ 1 + 1⊗ y))
p−1.
By Lemma 2.25, we have that
(ω0(x))(adR (y ⊗ 1 + 1⊗ y))
p−1 = −d1[([x, y]xp−1)(adR y)
p−2] = −λ2d
1[(xp)(adR y)
p−2] = 0.
Therefore
∆(yp) = yp ⊗ 1 + 1⊗ yp + ω0(x
p) = yp ⊗ 1 + 1⊗ yp + λp1ω0(x).
Recall that ∆(y) = y⊗ 1+ 1⊗ y+ω0(x). Then y
p− λp1y ∈ P(H), that is, y
p− λp1y = λ3x
for some λ3 ∈ k. Consequently, the defining relations in H are of the form:
gm = 1, gx− ξjxg = 0, gy − ξjpyg = λxg,
xp = λ1x, y
p − λp1y = λ3x, xy − yx = λ2x,
where λ, λ1, λ2, λ3 ∈ k.
By induction, for any n > 1, we have
gny = ξjpnygn + (n)ξj(p−1)λξ
j(n−1)xgn.
40 RONGCHUAN XIONG
In particular, gmy = ygm+(m)ξj(p−1)λξ
j(m−1)xgm. Hence the verification of (16) amounts
to the condition
(m)ξj(p−1)λ = 0.
The verification of (17) amounts to
λ1(ξ
jp − ξj) = 0, λ3(ξ
jp2 − ξj) = λλ1(λ
p−1
1 − λ
p−1), λp1(ξ
jp2 − ξjp) = 0,
The verification of (18) amounts to
λ2(ξ
j(p+1) − ξj) = 0.
By induction, for any n > 1, we have
xny = yxn + nλ2x
n, xyn = (y + λ2)
nx.
In particular, xpy = yxp, xyp = ypx+ λp2x. Then
(xp)y = λ1(xy) = λ1yx+ λ1λ2x, x
p−1(xy) = y(xp) = λ1yx,
x(yp) = λp1xy + λ3x
2 = λp1yx+ λ
p
1λ2x+ λ3x
2,
(xy)yp−1 = (yp)x+ λp2x = λ
p
1yx+ λ3x
2 + λp2x.
Hence the ambiguity (19) gives the conditions
λ1λ2 = 0 = (λ1 − λ
p−1
2 )λ2 ⇒ λ2 = 0.
Then it is easy to check that the ambiguity (20) is resolvable and hence gives no
ambiguity conditions.
Suppose that j = 0. Then λ = 0, that is, gy−yg = 0 in H . If λ1 = 0, then by rescaling
x, y, we can choose λ3 ∈ I0,1, which gives two classes of H described in (U1)–(U2). If
λ1 6= 0, then we take λ1 = 1 via the linear translation x := a
−1x, y := a−py satisfying
ap−1 = λ1. Then we can choose λ3 = 0 after the linear translation y := y − bx satisfying
bp − b = λ3 which gives one class of H described in (U3). It is clear that these Hopf
algebras are pairwise non-isomorphic.
Suppose that j = θ ∈ I1,m−1. If ord(ξθ) | p − 1, then ξθp
2
= ξθp = ξθ and hence
λ = 0. If λ1 = 0, then we can choose λ3 ∈ I0,1 by rescaling x, y and obtain two classes
of H described in (U4)–(U5). If λ1 6= 0, then we take λ1 = 1 via the linear translation
x := a−1x, y := a−py satisfying ap−1 = λ1. Then we can choose λ3 = 0 after the linear
translation y := y−bx satisfying bp−b = λ3 which gives one class of H described in (U6).
It is clear that these Hopf algebras are pairwise non-isomorphic.
If ord(ξθ) ∤ p − 1, then ξθp 6= ξθ and hence λ1 = λ3 = 0. Then we can take λ = 0 via
the linear translation y := y − ax satisfying (ξθ − ξθp)a = λ, which gives one class of H
described in (U4).
Case (17). Assume that (i, j) = (θ, 0). Then xy − yx ∈ P1,gθ(p+1)(H), x
p ∈ P1,gpθ(H)
and gy − yg ∈ Pg,gpθ+1(H) ∩ Hp−1. Observe that (m, p) = 1. Then P1,gθ(p+1)(H) =
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k{1−gθ(p+1)}, which implies that xy−yx = λ3(1−g
θ(p+1)) for some λ3 ∈ k. If |g
θ| | p+1,
then we set λ3 = 0.
Now we claim that gy − yg = 0 in H . Indeed, if |gθ| ∤ p − 1, then Pg,gpθ+1(H) =
k{g − gpθ+1} and hence gy − yg = λ2(g − g
pθ+1) for some λ2 ∈ k. Since
0 = [1, y] = [gm, y] = gm−1m[g, y] = λ2mg
m(1− gpθ) = λ2m(1− g
pθ),
it follows that λ2 = 0. If |g
θ| | p−1, then gpθ+1 = g1+θ and Pg,gpθ+1(H) = k{gx, g−g
pθ+1},
hence gy − yg = λ0gx+ λ2(g − g
pθ+1) for some λ0, λ2 ∈ k. Since
0 = [1, y] = [gm, y] = λ0mg
mx+ λ2mg
m(1− gpθ),
it follows that λ0 = 0 = λ2. Therefore, the claim follows.
Observe that (x)(adR y) = [x, y] = λ3(1− g
θ(p+1)). By Lemma 2.25, we have
ωθ(x)(adR y ⊗ 1 + g
pθ ⊗ y)p−1 = −d1
1,gθp2
[([x, y]xp−1)(adR y)
p−2].
Thus
∆(yp) = (y ⊗ 1 + gpθ ⊗ y + ωθ(x))
p
= (y ⊗ 1 + gθp ⊗ y)p + ωθ(x)
p + ωθ(x)(adR (y ⊗ 1 + g
pθ ⊗ y))p−1
= yp ⊗ 1 + gθp
2
⊗ yp + ωθ(x)
p + ωθ(x)(adR (y ⊗ 1 + g
θp ⊗ y))p−1
= yp ⊗ 1 + gθp
2
⊗ yp + ωθ(x)
p − d1
1,gθp2
[([x, y]xp−1)(adR y)
p−2]
= yp ⊗ 1 + gθp
2
⊗ yp + ωθ(x)
p +∆(([x, y]xp−1)(adR y)
p−2)
− ([x, y]xp−1)(adR y)
p−2 ⊗ 1− gθp
2
⊗ ([x, y]xp−1)(adR y)
p−2,
which implies that
∆(yp − ([x, y]xp−1)(adR y)
p−2)
= [yp − ([x, y]xp−1)(ad y)p−2]⊗ 1 + gθp
2
⊗ [yp − ([x, y]xp−1)(adR y)
p−2] + ωθ(x)
p
= [yp − ([x, y]xp−1)(ad y)p−2]⊗ 1 + gθp
2
⊗ [yp − ([x, y]xp−1)(adR y)
p−2] + ωpθ(x
p).
Case (17a). If |gθ| | p− 1, i. e. gθp
2
= gθp = gθ, then by Lemma 3.8, xp = λx for λ ∈ I0,1
and hence ωpθ(x
p) = ωθ(λx) = λ
pωθ(x). In particular,
∆(yp − ([x, y]xp−1)(adR y)
p−2) =
= [yp − ([x, y]xp−1)(ad y)p−2]⊗ 1 + gθ ⊗ [yp − ([x, y]xp−1)(adR y)
p−2] + λpωθ(x)
Hence
∆(yp − ([x, y]xp−1)(adR y)
p−2 − λpy) =
= [yp − ([x, y]xp−1)(ad y)p−2 − λpy]⊗ 1 + gθ ⊗ [yp − ([x, y]xp−1)(adR y)
p−2 − λpy],
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that is, yp − ([x, y]xp−1)(ad y)p−2 − λpy ∈ P1,gθ(H). Then
yp − ([x, y]xp−1)(ad y)p−2 − λpy = ν1x+ ν2(1− g
θ).
Since [x, y] = (x)(ad y) = λ3(1 − g
θ(p+1)), it follows that ([x, y]xp−1)(ad y)p−2 = (p −
1)![x, y]p−1x = (p−1)!λp−13 (1−g
θ(p+1))p−1x. Consequently, the defining relations of H are
of the form:
gm = 1, gx = xg, xp = λx, gy = yg, xy − yx = λ3(1− g
θ(p+1)),
yp = λpy + (p− 1)!λp−13 (1− g
θ(p+1))p−1x+ ν1x+ ν2(1− g
θ),
where λ ∈ I0,1, λ3, ν1, ν2 ∈ k. Observe that (p − 1)! = −1. The verification of (16)–(20)
amounts to the conditions
λλ3 = 0, λ
p
3 = λ3ν1.
We take ν2 = 0 via the linear translation y := y − a(1− g
θ) satisfying ap = ν2.
If λ = 1, then λ3 = 0. We can take ν1 = 0 via the linear translation y := y − ax
satsifying ap = ν1, , which gives one class of H described in (U7).
If λ = 0 = λ3, then we take ν1 ∈ I0,1 by rescaling x, y, which gives two classes of H
described in (U8)− (U9).
If λ = 0 and λ3 6= 0, then we take λ3 = 1 via the linear translation x := a
−1x, y := a−py
satisfying ap+1 = λ3, and hence ν1 = 1, which gives one class of H described in (U10). It
is clear that these Hopf algebras are pairwise non-isomorphic.
Case (17b). If |gθ| ∤ p− 1, then xp = 0 and hence yp − ([x, y]xp−1)(ad y)p−2 = ν(1− gθp
2
).
The defining relations of H are of the form:
gq = 1, gx = xg, xp = 0, gy = yg, xy − yx = λ3(1− g
θ(p+1)),
yp − (p− 1)!λp−13 (1− g
θ(p+1))p−1x = ν(1 − gθp
2
),
where λ3, ν ∈ k. It is easy to check that the overlaps (16)–(19) are resolvable and the
ambiguity (20) amounts to the condition λ3 = 0. Then we can take ν = 0 via the linear
translation y := y − a(1− gθp) satisfying ap = ν, which gives one class of H described in
(U8).
Case (18). Assume that (i, j) = (θ, τ) 6= (0, 0). Then similar to Cases (15) − (17),
we have gx − ξτxg = 0 and xp = λx for λ ∈ I0,1 with the ambiguity condition λ = 0 if
[ord(gθ), ord(ξτ)] ∤ p− 1.
Recall that gy − ξpτyg ∈ Pg,gpθ+1(H) ∩Hp−1. Now we claim that gy − ξ
pτyg = 0 in H .
Indeed, if |gθ| ∤ p−1, then Pg,gpθ+1(H) = k{g−g
pθ+1} and hence gy−ξpτyg = λ2(g−g
pθ+1)
for some λ2 ∈ k and we can take λ2 = 0 via the linear translation y := y − α(1 − g
pθ)
satisfying (1 − ξpτ)α = λ2. If |g
θ| | p− 1, then gpθ+1 = g1+θ and Pg,gpθ+1(H) = k{xg, g −
gpθ+1}, hence gy− ξpτyg = λ2xg + λ0(g− g
pθ+1) for some λ0, λ2 ∈ k. We can take λ0 = 0
via the linear translation y := y − α(1 − gpθ) satisfying (1 − ξpτ)α = λ2. In this case, if
ord(ξτ) ∤ p− 1, then we can take λ2 = 0 via the linear translation y := y − αx satisfying
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αξτ(1 − ξ(p−1)τ ) = λ2; otherwise, gy − ξ
pτyg = λ2xg in H for λ2 ∈ k. By induction, for
n > 0,
gny = ygn + λ2ξ
τ (n)ξ(p−1)τxg
n = ygn + λ2ξ
τnxgn.
Since 0 = [1, y] = [gm, y] = λ2mxg
n, it follows that λ2 = 0.
Recall that xy − yx ∈ P1,gθ(p+1)(H). Then xy − yx = λ3(1 − g
θ(p+1)) for some λ3 ∈ k.
If |gθ| | p+ 1, then we set λ3 = 0.
Observe that gθy = ygθ. Then with all the relations we have in H , it follows by a direct
computation that
ωθ(x)(adR tωθ(x) + y ⊗ 1 + g
pθ ⊗ y)p−1 = ωθ(x)(adR y ⊗ 1 + g
pθ ⊗ y)p−1,
here t is a variable. Observe that (x)(adR y) = [x, y] = λ3(1− g
θ(p+1)). By Lemma 2.25,
ωθ(x)(adR y ⊗ 1 + g
pθ ⊗ y)p−1 = −d1
1,gθp2
[([x, y]xp−1)(adR y)
p−2].
Thus
∆(yp − ([x, y]xp−1)(adR y)
p−2)
= [yp − ([x, y]xp−1)(ad y)p−2]⊗ 1 + gθp
2
⊗ [yp − ([x, y]xp−1)(adR y)
p−2] + ωθ(x)
p
= [yp − ([x, y]xp−1)(ad y)p−2]⊗ 1 + gθp
2
⊗ [yp − ([x, y]xp−1)(adR y)
p−2] + ωpθ(x
p).
Case (18a). If [|gθ|, ord(ξτ)] | p − 1, i. e. gθp
2
= gθp = gθ, then xp = λx for λ ∈ I0,1 and
hence ωp(x
p) = ω1(λx) = λ
pω1(x). In particular,
∆(yp − ([x, y]xp−1)(adR y)
p−2 − λpy) =
= [yp − ([x, y]xp−1)(ad y)p−2 − λpy]⊗ 1 + gθ ⊗ [yp − ([x, y]xp−1)(adR y)
p−2 − λpy],
that is, yp − ([x, y]xp−1)(ad y)p−2 − λpy ∈ P1,gθ(H). Then
yp − ([x, y]xp−1)(ad y)p−2 − λpy = ν1x+ ν2(1− g
θ).
Since [x, y] = (x)(ad y) = λ3(1 − g
θ(p+1)), ([x, y]xp−1)(ad y)p−2 = (p − 1)![x, y]p−1x =
(p− 1)!λp−13 (1− g
θ(p+1))p−1x. The defining relations of H are of the form:
gm = 1, gx = ξτxg, xp = λx, gy = ξpτyg, xy − yx = λ3(1− g
θ(p+1)),
yp = λpy + (p− 1)!λp−13 (1− g
θ(p+1))p−1x+ ν1x+ ν2(1− g
θ),
where λ ∈ I0,1, λ3, ν1, ν2 ∈ k.
Observe that gθy = ygθ. The verification of (16)-(20) amounts to
(ξ(p+1)τ − 1)λ3 = 0, λλ3 = 0, λ
p
3 = λ3ν1.
We take ν2 = 0 via the linear translation y := y − a(1− g
θ) satisfying ap = ν2.
If λ = 1, then λ3 = 0. We can take ν1 = 0 via the linear translation y := y − ax
satsifying ap = ν1, , which gives one class of H described in (U11).
44 RONGCHUAN XIONG
If λ = 0 = λ3, then we take ν1 ∈ I0,1 by rescaling x, y, which gives two classes of H
described in (U12)− (U13).
If λ = 0 and λ3 6= 0, then ξ
(p+1)τ = 1 and we take λ3 = 1 via the linear translation
x := a−1x, y := a−py satisfying ap+1 = λ3. Hence ν1 = 1, which gives one class of H
described in (U14). It is clear that these Hopf algebras are pairwise non-isomorphic.
Case (18b). If [|gθ|, ord(ξτ)] ∤ p − 1, then xp = 0 and hence yp − ([x, y]xp−1)(ad y)p−2 =
ν(1− gp
2θ). The defining relations of H are of the form:
gm = 1, gx = ξτxg, xp = 0, gy = ξτpyg, xy − yx = λ3(1− g
θ(p+1)),
yp − (p− 1)!λp−13 (1− g
θ(p+1))p−1x = ν(1 − gθp
2
),
where λ3, ν ∈ k.
The verification of the overlaps (16)–(20) amounts to
(ξ(p+1)τ − 1)λ3 = 0, λ3 = 0.
Then we can take ν = 0 via the linear translation y := y − a(1 − gθp) satisfying ap = ν,
which gives one class of H described in (U12). 
Remark 3.10. By Theorem 3.9, there are 14 types of pointed Hopf algebras of dimension
p2m, (p,m) = 1 whose coradicals are isomorphic to k[Cm] and the diagrams are not
Nichols algebras. Among them, the types (U10) and (U14) are non-commutative and
non-cocommutative and constitute new classes of non-commutative non-cocommutative
pointed Hopf algebras that are not generated by group-likes and skew-primitives.
Now we determine all Hopf algebras of dimension p2q that are not generated by the
first term of the coradical filtration.
Theorem 3.11. Let H be a pointed Hopf algebra over k of dimension p2q whose diagram
R is not a Nichols algebra. Then H is isomorphic to one of the following Hopf algebras
(T59) : k[Cq]⊗ k[x, y]/(x
p, yp),
(T60) : k[Cq]⊗ k[x, y]/(x
p, yp − x),
(T61) : k[Cq]⊗ k[x, y]/(x
p − x, yp − y),
(T62) : k〈g, x, y〉/(gq − 1, gx − ξxg, gy − ξpyg, xp, yp, [x, y]), here ξ is a primitive
q-th root of unity,
(T63) : k〈g, x, y〉/(gq − 1, gx− ξxg, gy − ξpyg, xp, yp − x, [x, y]), q | p− 1,
(T64) : k〈g, x, y〉/(gq − 1, gx− ξxg, gy − ξpyg, xp − x, yp − y, [x, y]), q | p− 1,
with the coalgebra structure given by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + 1⊗ x, ∆(y) = y ⊗ 1 + 1⊗ y + ω0(x),
(T65) : k[g, x, y]/(gq − 1, xp − x, yp − y), q | p− 1,
(T66) : k[g, x, y]/(gq − 1, xp, yp),
(T67) : k[g, x, y]/(gq − 1, xp, yp − x), q | p− 1,
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(T68) : k〈g, x, y〉/(gq−1, gx−xg, gy−yg, xp, [x, y]−1+gp+1, yp+(1−gp+1)p−1x−x),
q | p− 1, q ∤ p+ 1,
with the coalgebra structure given by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + g ⊗ x, ∆(y) = y ⊗ 1 + gp ⊗ y + ω1(x).
Proof. From the proof of Theorem 3.2, G(H) ∼= Cq. Recall that Ĝ(H) ∼= 〈χ〉 is a group
of order q where χ ∈ Ĝ satisfying χ(g) = ξ, and dimR = p2. Since R is not a Nichols
algebra, it follows that dimR(1) = 1. Let V := R(1) = {x}. Then k{x} ∈
G(H)
G(H)YD by
• x ∈ V g
j
χi
for i, j ∈ I0,q−1.
Hence ξij = 1, that is, q | ij. Then i = 0 or j = 0. Therefore by [6, Proposition 6.3],
we can take (i, j) into three cases: (i, j) = (0, 0), (1, 0), (0, 1). Consequently, the theorem
follows by Theorem 3.9. 
Remark 3.12. By Theorem 3.11, there are 8 types of pointed Hopf algebras of dimension
p2q whose diagrams are not Nichols algebras. Among them, the type (T68) is the unique
non-commutative non-cocommutative pointed Hopf algebra of dimension p2q whose dia-
gram is not a Nichols algebra. In particular, there exist finitely many classes of pointed
Hopf algebras of dimension p2q.
4. Pointed Hopf algebras of dimension pq2 and pqr
Let p, q, r be distinct prime numbers and chark = p. We first classify pointed
Hopf algebras of dimension pq2 whose diagrams are Nichols algebras, then study the
classification of pointed Hopf algebras of dimension pq2 whose diagrams are not Nichols
algebras, and finally classify pointed Hopf algebras of dimension pqr.
4.1. Pointed Hopf algebras of dimension pq2 whose diagrams are Nichols alge-
bras. Now we determine all pointed Hopf algebras of dimension pq2 whose diagrams are
Nichols algebras.
Lemma 4.1. Let H be a pointed Hopf algebra over k of dimension pq2. Then G(H) is
isomorphic either to Cq2, Cq ⊗ Cq, Cpq or to Cq.
Proof. By Nichols-Zoeller Theorem [22], dimH0| dimH and hence we have the following
possibilities:
If dimH0 = pq
2, thenH = k[G(H)] is a group algebra of dimension p2q. If dimH0 = pq,
then G(H) is a group of order pq isomorphic to one of the following groups:
• Cpq = 〈g〉 ∼= Cp × Cq.
• Cp⋊Cq = 〈g, h | gq = hp = 1, ghg−1 = ht〉, where p ≡ 1 mod q and t is a primitive
qth root of unity modulo p.
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• Cq⋊Cp = 〈g, h | gp = hq = 1, ghg−1 = ht〉, where q ≡ 1 mod p and t is a primitive
pth root of unity modulo q.
If G(H) is a non-abelian group, then the center of G(H) is trivial and hence there is an
element x ∈ R(1) such that c(x ⊗ x) = x ⊗ x, which implies that R contains a braided
Hopf subalgebra of dimension p, a contradiction. Therefore, G(H) ∼= Cpq.
If dimH0 = q
2, then G(H) ∼= Cq2 or Cq ⊗ Cq. If dimH0 = q, then G(H) = Cq.
If dimH0 = p, then G(H) ∼= Cp. It is impossible. Indeed, G(H) is a p-group, thus
Ĝ(H) = {ǫ}; if it is possible, then there is an element x ∈ R(1) such that c(x⊗x) = x⊗x,
and hence R contains a braided Hopf subalgebra of dimension p, a contradiction. 
Theorem 4.2. Let H be a pointed Hopf algebra over k of dimension pq2 whose diagram
is a Nichols algebra. Then H is isomorphic to one of the following Hopf algebras:
(W1): k〈g, x〉/(gpq − 1, gx− ξxg, xq), where ξ is a q-th root of unity,
(W2): k〈g, x〉/(gpq − 1, gx− ξxg, xq − 1 + gq), with g ∈ G(H), x ∈ P1,g(H);
(W3): k〈g, x〉/(gpq − 1, gx− ξxg, xq), with g ∈ G(H), x ∈ P1,gp(H);
(W4): k[g, x]/(gq
2
− 1, xp) ∼= k[Cq2]⊗ k[x]/(x
p),
(W5): k[g, x]/(gq
2
− 1, xp−x) ∼= k[Cq2]⊗k[x]/(x
p−x), with g ∈ G(H), x ∈ P(H);
(W6): k[g, x]/(gq
2
− 1, xp),
(W7): k[g, x]/(gq
2
− 1, xp − x), q2 | p− 1, with g ∈ G(H), x ∈ P1,g(H);
(W8): k[g, x]/(gq
2
− 1, xp),
(W9): k[g, x]/(gq
2
− 1, xp − x), q | p− 1, with g ∈ G(H), x ∈ P1,gq(H);
(W10): k〈g, x〉/(gq
2
− 1, gx− ζxg, xp), where ζ is a primitive q2-th root of unity,
(W11): k〈g, x〉/(gq
2
− 1, gx− ζxg, xp − x), q2 | p− 1,
(W12): k〈g, x〉/(gq
2
− 1, gx− ξxg, xp),
(W13): k〈g, x〉/(gq
2
− 1, gx− ξxg, xp − x), q | p− 1, with g ∈ G(H), x ∈ P(H);
(W14): k〈g, x〉/(gq
2
− 1, gx− ξxg, xp),
(W15): k〈g, x〉/(gq
2
− 1, gx− ξxg, xp − x), q | p− 1, with g ∈ G(H), x ∈ P1,gq(H),
(W16): k[g, h, x]/(gq − 1, hq − 1, xp) ∼= k[Cp × Cp]⊗ k[x]/(x
p),
(W17): k[g, h, x]/(gq − 1, hq − 1, xp − x) ∼= k[Cp × Cp]⊗ k[x]/(x
p − x),
(W18): k〈g, h, x〉/(gq − 1, hq − 1, gh− hg, gx− ξxg, hx − ξkxh, xp − x), q | p − 1,
k ∈ I0,q−1,
(W19): k〈g, h, x〉/(gq−1, hq−1, gh−hg, gx−ξxg, hx−ξkxh, xp), with g, h ∈ G(H),
x ∈ P(H);
(W20): k[g, h, x]/(gq − 1, hq − 1, xp),
(W21): k[g, h, x]/(gq − 1, hq − 1, xp − x), q | p− 1,
(W22): k〈g, h, x〉/(gq − 1, hq − 1, gh− hg, gx− xg, hx− ξxh, xp),
(W23): k〈g, h, x〉/(gq − 1, hq − 1, gh − hg, gx − xg, hx − ξxh, xp − x), q | p − 1,
with g, h ∈ G(H), x ∈ P1,g(H);
(W24): Tq,ξ ⊗ k[y]/(y
p),
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(W25): Tq,ξ ⊗ k[y]/(y
p − y),
(W26): k〈g, x, y〉/(gq−1, gx−ξxg, gy−yg, xq, yp−y, xy−yx−x), with g ∈ G(H),
x ∈ P1,g(H) and y ∈ P(H).
Proof. Let R be the diagram of H and V := R(1). By Lemma 4.1, G(H) is isomorphic
either to Cq2, Cq ⊗ Cq, Cpq or to Cq.
Assume that G(H) = Cpq = 〈g〉. Then dimR = q and Ĝ(H) ∼= 〈χ〉, where χ(g) = ξ
is a primitive qth root of unity. By Lemma 2.27, dimV = 1. Let V := k{x}. Then
R = B(V ) = k[x]/(xq). By Remark 2.3, x ∈ V χ
j
gi
for some i ∈ I0,pq−1, j ∈ I0,q−1 such
that χj(gi) = ξij is a primitive q-th root of unity. Hence (ij, q) = 1, which implies that
j 6= 0, (i, q) = 1. Therefore, by [6, Proposition 6.3], we can take i ∈ {1, p} and then
R ∈ H0H0YD by
(1-2): x ∈ V χ
j
g , x ∈ V
χj
gp , j ∈ I1,p−1.
Case (1). grH = k〈g, x | gpq = 1, gx − ξjxg = 0, xq = 0〉, with g ∈ G(grH)
and x ∈ P1,g(grH). A direct computation shows that gx − ξ
jxg ∈ Pg,g2(H), which
implies that gx − ξjxg = λ1g(1 − g) for some λ1 ∈ k. Consider the linear translation
x := x+ λ1(ξ
j − 1)−1(1− g), we can choose λ1 = 0. Then by Theorem 2.1,
∆(xq) = ∆(x)q = xq ⊗ 1 + gq ⊗ xq,
which implies that xq ∈ P1,gq(H) = k{1− g
q} and hence xq = λ2(1− g
q) for some λ2 ∈ k.
To verify that dimH = pq2 by the Diamond Lemma, it suffices to verify that the following
overlapping ambiguities
(gpq)x = gpq−1(gx),(21)
(gx)xq−1 = g(xq),(22)
are resolvable with the order g < x. It is easy to check that (21) (22) are resolvable and
give no ambiguity conditions. If λ2 = 0, then H is the Hopf algebra described in (W1).
If λ2 6= 0, then we can choose λ2 = 1 by rescaling x and hence H is the Hopf algebra
described in (W2). Clearly, they are non-isomorphic.
Case (2). grH = k〈g, x | gpq = 1, gx − ξjxg = 0, xq = 0〉, with g ∈ G(grH) and
x ∈ P1,gp(grH). Similar to Case (1), gx − ξ
jxg = 0 in H . Then by Theorem 2.1,
∆(xq) = xq ⊗ 1 + 1 ⊗ xq. Since P(H) = P(grH) = 0, it follows that xq = 0. It is easy
to show that the ambiguities (21)–(22) are resolvable and give no ambiguity conditions.
Then by the Diamond Lemma, dimH = pq2. Therefore, H is the Hopf algebra described
in (W3).
Assume that G(H) = Cq2 = 〈g〉. Then dimR = p and Ĝ(H) ∼= 〈χ〉, where χ(g) = ζ
is a primitive q2th root of unity. By Lemma 2.27, dimV = 1 with trivial braiding. Let
V := k{x}. Then by Remark 2.3, v ∈ V χ
j
gi
for some i, j ∈ I0,q2−1 such that ζ
ij = 1, which
implies that q2 | ij. If i = 0, then by [6, Proposition 6.3] we can take j ∈ {0, 1, q}. If
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j = 0, then we can take i ∈ {0, 1, q}. If i 6= 0, j 6= 0, then q | i, q | j. By [6, Proposition
6.3], we may assume that i = q. Therefore, R has the following ways to realize R ∈ H0H0YD:
(i, j) ∈ {(0, 0), (1, 0), (q, 0), (0, 1), (0, q), (q, kq), k ∈ I1,q−1}.
Then by Lemma 2.28, H is isomorphic to one of the Hopf algebras described in (W4)–
(W15). In particular, these Hopf algebras are pairwise non-isomorphic.
Assume that G(H) = Cq × Cq = 〈g〉 × 〈h〉. Then dimR = p and Ĝ(H) ∼= 〈χ〉 ⊗ 〈χ〉,
where χ(g) = ξ is a primitive qth root of unity. By Lemma 2.27, dimV = 1. Let
V := k{x}. Then x ∈ V χ
k×χr
gi×hj
for some i, j, k, ℓ ∈ I0,q−1 such that ξik+jr = 1, which
implies that q | ik + jr. Therefore, without loss of generality, R ∈ H0H0YD by
(9) x ∈ V ǫ×ǫ1 .
(10) x ∈ V χ×χ
k
1 .
(11) x ∈ V ǫ×ǫg .
(12) x ∈ V ǫ×χg .
Case (9). grH = k〈g, h, x〉, with the defining relations and comultiplications given by
gq = 1, hq = 1, gx− xg = 0, hx− xh = 0, xp = 0,
∆(g) = g ⊗ g, ∆(h) = h⊗ h, ∆(x) = x⊗ 1 + 1⊗ x.
Then a direct computation shows that gx− xg ∈ Pg,g(H) ∩H0, hx− xh ∈ Pg,g(H) ∩H0.
Since Pg,g(H) ∩ H0 = Ph,h(H) ∩ H0 = 0, it follows that gx − xg = 0 = hx − xh in H .
Then we have xp ∈ P(H). Since P(H) = P(grH) = k{x}, it follows that xp = λ1x. It is
easy to verify that the following overlaps to verify that the following overlaps
(gq−1g)x = gq−1(gx),(23)
(gx)xp−1 = g(xxp−1),(24)
(hq−1h)x = hq−1(hx),(25)
(hx)xp−1 = h(xxp−1),(26)
are resolvable with the order x < g < h and hence give no ambiguity conditions.
If λ1 = 0, then H is the Hopf algebra described in (W16). If λ1 6= 0, then we can
choose λ1 = 1 by rescaling x, which gives one class of H described in (W17). From the
semisimplicity, they are not isomorphic.
Case (10). grH = k〈g, h, x〉, with the defining relations and comultiplications given
by
gq = 1, hq = 1, gx− ξxg = 0, hx− ξkxh = 0, xp = 0, k ∈ I0,q−1,
∆(g) = g ⊗ g, ∆(h) = h⊗ h, ∆(x) = x⊗ 1 + 1⊗ x.
Then similar to Case (8), gx− ξxg = 0 = hx− ξkxh in H and xp = λ1x for λ1 ∈ I0,1. The
verifications of (23)–(26) amount to the ambiguity condition: λ1 = 0 if q ∤ p − 1, which
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give the Hopf algebras described in (W16) − (W17). From the semisimplicity, they are
not isomorphic.
Case (11) grH = k〈g, h, x〉, with the defining relations and comultiplications given by
gq = 1, hq = 1, gx− xg = 0, hx− xh = 0, xp = 0,
∆(g) = g ⊗ g, ∆(h) = h⊗ h, ∆(x) = x⊗ 1 + g ⊗ x.
It follows by a direct computation that gx− xg = λ1(g − g
2), hx − xh = λ2(h− hg) for
some λ1, λ2 ∈ k. Since
0 = [1, x] = [gq, x] = qgq−1[g, x] = λ1qg
q(1− g),
0 = [1, x] = [hq, x] = qhq−1[h, x] = λ2qh
q(1− g),
it follows that λ1 = 0 = λ2, that is, gx = xg and hx = xh in H . Then by Theorem 2.1,
∆(xp) = (x⊗ 1 + g ⊗ x)p = xp ⊗ 1 + gp ⊗ xp,
that is, xp = P1,gp(H).
Case (11a): If q | p−1, i. e. gp = g, then xp = λ3x+λ4(1−g
p) for some λ3, λ4 ∈ k.
We can choose λ3 ∈ I0,1 by rescaling x. The defining relations of H are of the
form:
gq = 1, hq = 1, gx− xg = 0, hx− xh = 0, xp = λ3x+ λ4(1− g
p),
It is clear that the ambiguities (23)–(26) are resolvable and give no ambiguity
conditions.
If λ3 = 0, then we can choose λ4 = 0 via the linear translation x := x+ a(1− g)
satisfying ap = λ4, which gives one class of H described in (W20). If λ3 = 1,
then we can choose λ4 = 0 via the linear translation x := x + a(1 − g) satisfying
ap − a = λ4, which gives the Hopf algebra described in (W21). It is clear that
they are not isomorphic.
Case (11b): If q ∤ p − 1, i. e. gp 6= g, then xp = λ3(1 − gp) for some λ3 ∈ k. Then
we can take λ3 = 0 via the linear translation x := x+ a(1− g) satisfying a
p = λ3,
which gives the Hopf algebra described in (W20).
Case (12) grH = k〈g, h, x〉, with the defining relations and comultiplications given by
gq = 1, hq = 1, gx− xg = 0, hx− ξxh = 0, xp = 0,
∆(g) = g ⊗ g, ∆(h) = h⊗ h, ∆(x) = x⊗ 1 + g ⊗ x.
Similar to Case (10), gx − xg = 0, hx − ξxh = λ2(h − hg) for some λ2 ∈ k. Then
xp ∈ P1,gp(H).
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Case (12a): If q | p−1, i. e. gp = g, then xp = λ3x+λ4(1−g
p) for some λ3, λ4 ∈ k.
We can take λ2 = 0 via the linear translation x := x + λ2(ξ − 1)
−1(1 − g). The
defining relations of H are of the form:
gq = 1, hq = 1, gx− xg = 0, hx− ξxh = 0, xp = λ3x+ λ4(1− g
p).
Since
(hx)xp−1 = ξpxph = ξ(λ3x+ λ4(1− g
p))h = λ3ξxh+ λ4ξ(1− g
p)h,
h(xp) = h(λ3x+ λ4(1− g
p)) = ξλ3x+ λ4(1− g
p)h,
it follows that the amibiguity (hx)xp−1 = h(xp) gives the condition
λ4 = λ4ξ ⇒ λ4 = 0.
It is easy to check other overlaps are resolvable and hence give no ambiguity
conditions. Then we can take λ3 ∈ I0,1 by rescaling x, which gives two classes of
Hopf algebras described in (W22)− (W23).
Case (12b): If q ∤ p − 1, i. e. gp 6= g, then xp = λ3(1 − gp) for some λ3 ∈ k. The
defining relations of H are of the form:
gq = 1, hq = 1, gx− xg = 0, hx− ξxh = λ2(h− hg), x
p = λ3(1− g
p).
We can take λ2 = 0 via the linear translation x := x + λ2(ξ − 1)
−1(1 − g). The
ambiguity (hx)xp−1 = h(xp) gives the condition λ3 = 0. Indeed,
(hx)xp−1 = ξpxph = ξpλ3(1− g
p)h, h(xp) = λ3(1− g
p)h.
It is easy to check other overlaps are resolvable and gives no ambiguity conditions.
Then we obtain one class of Hopf algebra described in (W22).
Assume that G(H) = Cq = 〈g〉. Then dimR = pq and Ĝ(H) ∼= 〈χ〉 is a group of order
q, where χ(g) = ξ is a primitive qth root of unity. By Lemma 2.27, dimV = 1 or 2.
Observe that R is a Nichols algebra. We claim that dimV = 2. Indeed, if dimV = 1 with
a basis {x}, then x ∈ V χ
j
gi
for (i, j) ∈ I0,q−1 and hence c(x⊗ x) = ξijx⊗ x. In particular,
ξij = 1 or ord(ξij) = q. If ξij = 1, then R ∼= k[x]/(xp); otherwise, R ∼= k[x]/(xq). Hence
dimR = p or q, a contradiction. The claim follows.
Since p, q are distinct prime numbers, the category
Cq
Cq
YD is semisimple. Then V ∼=
k{x}⊕k{y} ∈
Cq
Cq
YD with x ∈ V χ
j
gi
and y ∈ V χ
s
gr . From the preceding discussion, we have
ord(ξij) = q, ξrs = 1 and ξis+jr = 1, otherwise dimR 6= pq. Therefore, without loss of
generality, R has the following ways to realize R ∈ H0H0YD:
(13) x ∈ V χg , y ∈ V
ǫ
1 .
In particular, R = B(V ) = k[x, y]/(xq, yp).
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Case (13). grH = k〈g, x, y〉, with the defining relations and comultiplications are
given by
gq = 1, gx− ξxg = 0, gy − yg = 0, xq = 0, yp = 0, xy − yx = 0,
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + g ⊗ x, ∆(y) = y ⊗ 1 + 1⊗ y.
Similar to Case (1), we have gx − ξxg = 0 = xq in H . Indeed, the Hopf subalgebra
generated by g, x is a Taft algebra of dimension q2. Then after a direct computation,
∆(gy − yg) = (gy − yg)⊗ g + g ⊗ (gy − yg), ∆(yp) = yp ⊗ 1 + 1⊗ yp,
which implies that gy − yg ∈ Pg,g(H) ∩ H0 and y
p ∈ P(H) ∩ Hp−1 = k{x}. Hence
gy − yg = 0 and yp = λ1y in H for some λ1 ∈ k. We can take λ1 ∈ I0,1 by rescaling y.
Then
∆(xy − yx) = (xy − yx)⊗ 1 + g ⊗ (xy − yx),
which implies that xy − yx ∈ P1,g(H). Since P1,g(H) = k{1 − g, x}, it follows that
xy − yx = λ2x+ λ3(1− g) for some λ2, λ3 ∈ k. The possible relations in H are
gq = 1, gx− ξxg = 0, gy − yg = 0, xq = 0, yp = λ1y, xy − yx = λ2x+ λ3(1− g),
where λ1 ∈ I0,1, λ2, λ3 ∈ k. To show that dimH = pq2 by the Diamond Lemma, it suffices
to verify the following overlaps:
gq−1(gx) = (gq−1g)x, gq−1(gy) = (gq−1g)y,(27)
g(xxp−1) = (gx)xp−1, g(yyp−1) = (gy)yp−1,(28)
g(xy) = (gx)y,(29)
x(yyp−1) = (xy)yp−1, xp−1(xy) = (xp−1x)y,(30)
are resolvable with the order y < x < h < g. The verification of (29) amounts to
λ3 = 0. The verification of (30) amounts to λ
p
2 − λ1λ2 = 0. Indeed, (x)(adR y)
p =
λ2(x)(adR y)
p−1 = λp−12 [x, y] and [x, y
p] = [x, λ1y] which imply that λ
p
2 − λ1λ2 = 0. One
can check easily that other overlaps give no ambiguity conditions.
If λ1 = 1, then λ
p
2 = λ2 and hence we can choose λ2 ∈ I0,1 by rescaling y. We obtain two
classes ofH described in (W25)−(W26). If λ1 = 0, then λ2 = 0 and we obtain one class of
H described in (W24). Obviously, these Hopf algebras are pairwise non-isomorphic. 
Remark 4.3. By Theorem 4.2, there are 26 types of pointed Hopf algebras of dimension
pq2 that are generated by the first term of coradical filtration. Among them, the types
(W1)–(W3) or (W4)–(W23) appeared in [25] as examples of rank one pointed Hopf alge-
bras of the first type or the second type, respectively. The Hopf algebras described in (W26)
are not tensor product Hopf algebras. They constitute new examples of non-commutative
and non-cocommutative finite-dimensional Hopf algebras.
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Remark 4.4. Let ξ be a qth primitive root of unity and W26 denotes the Hopf algebra
described in (W26). Then W26 fits into the following exact sequence of Hopf algebras
Tq,ξ →֒ W26 ։ k[y]/(y
p − y).
It is easy to see that Tq,ξ is a normal Hopf subalgebra ofW26 andW26/W26T
+
q,ξ is isomorphic
to the Hopf algebra k[y]/(yp−y). Indeed, (adc y)(g) = yg−gy = 0, (adc y)(x) = yx−xy =
−x.
Corollary 4.5. Let A be a finite-dimensional Hopf algebra fitting into the following exact
sequence of Hopf algebras
Tq,ξ →֒ A։ k[y]/(y
p − y).
Assume that y ∈ P(A). Then A is isomorphic to one of the following Hopf algebras:
(a) Tq,ξ ⊗ k[y]/(y
p − y);
(b) k〈g, x, y〉/(gq − 1, gx − ξxg, gy − yg, xq, yp − y, xy − yx − x), g ∈ G(H), x ∈
P1,g(A), y ∈ P(A).
Proof. By Remark 4.4, the Hopf algebras described in (a)–(b) must fit into the exact
sequence in the corollary. Observe that as coalgebras, A ∼= Tq,ξ ⊗ k[y]/(y
p − y). Further-
more, A must be a pointed Hopf algebra of dimension pq2 generated by group-likes and
skew-primitives. Then the corollary follows by Theorem 4.2. 
4.2. Pointed Hopf algebras of dimension pq2 whose diagrams are not Nichols
algebras. Now we study the classification of pointed Hopf algebras of dimension pq2
whose diagrams are not Nichols algebras.
Lemma 4.6. Let H be a pointed Hopf algebra over k of dimension pqm whose diagram
R is not a Nichols algebra. Assume that dimH0 = m. Then R ∼= k[x, y]/(x
q, yp) ∈ H0H0YD
by
(1) x ∈ V χg , δ(y) = g
q ⊗ y, h · y = χq(h)y, for any h ∈ G(H) satisfying χ(g) = ξ is
a primitive q-th root of unity.
where g lies in the center of G(H), χ ∈ Ĥ0, x ∈ V := R(1) and y ∈ R(q) with the
comultiplication in R given by
∆R(y) = y ⊗ 1 + 1⊗ y + θ0(x),
where θ0(x) =
∑q−1
i=1
(q−1)ξ !
(i)ξ!(q−i)ξ !
xi ⊗ xq−i.
Proof. It is clear that dimB(R(1)) = p or q and dimV = 1 with a basis {x}. We claim
that dimB(V ) = q. Indeed, if dimB(V ) = p, then c(x⊗x) = x⊗x and B(V ) ∼= k[x]/(xp).
From the proof of Lemma 3.5, we have dimR = p2, a contradiction.
If B(V ) = q, then x ∈ V χg satisfying χ(g) = ξ for some g ∈ G(H) and χ ∈ Ĝ(H). In
particular, g lies in the center of G(H).
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Similar to the proof of Lemma 3.5, there is an element y ∈ R(m)−B(V )(m) such that
R(k) = B(V )(k) for some m > 1 and 0 ≤ k < m such that ∆R(y) = y ⊗ 1 + 1 ⊗ y + ω,
where ω = −d1(y) 6= 0 ∈ H2(k,B(V )). Moreover, θ0(x) is a basis of H
2(k,B(V )).
By rescaling y, we have
∆R(y) = y ⊗ 1 + 1⊗ y + θ0(x).
Since B(R)(q) = 0, it follows by [21, Theorem 2.7] that d1 : R(q) →֒ H2,q(B(V ),k) is
bijective in
G(H)
G(H)YD. Then dimR(q) = 1 with a basis {y}. Furthermore,
• If x ∈ V χg , then for any h ∈ G(H),
δ(ω) = gq ⊗ ω, h · ω = χq(h)ω; δ(y) = gq ⊗ y, h · y = χq(h)y.
Then it follows by a direct computation that
∆(xy − yx) = (xy − yx)⊗ 1 + 1⊗ (xy − yx),
that is, xy−yx ∈ P(R) = R(1)∩R(q+1). Hence xy−yx = 0 in R. Observe that xq = 0.
Then
∆(yp) = (y ⊗ 1 + 1⊗ y + θ0(x))
p = yp ⊗ 1 + 1⊗ yp + θ0(x)
p = yp ⊗ 1 + 1⊗ yp,
which implies that yp ∈ R(1) ∩ R(pq) and hence yp = 0. Let S be the subalgebra of R
generated by x, y. Then S ∼= k[x, y]/(xq, yp). Moreover, S is a braided Hopf subalgebra
of R. Since dimR = p2, R ∼= S. 
Remark 4.7. The braided Hopf algebra R in Lemma 4.6 is not a usual Hopf algebra,
since c(x⊗ x) = ξx⊗ x. Moreover, R ∼= ⊕
pq−1
i=0 R(i) with dimR(i) = 1. The bosonizations
R♯H0 constitute new examples of Hopf algebras of dimension pqm.
Theorem 4.8. Let H be a pointed Hopf algebra of dimension pq2 such that the diagram
is not a Nichols algebra. Then H fits into the following exact sequence of Hopf algebras
Tq,ξ →֒ H ։ H,
where Tq,ξ := k〈g, x〉/(g
q − 1, xq, gx− ξxg) is a Taft algebra and H = k[y]/(yp − λ0y) for
λ0 ∈ I0,1.
Let g := g♯1 ∈ H, x := x♯1 ∈ H and y := 1♯y ∈ H for short. Then the relations
gy = yg, xy − yx = λ1x, λ1 ∈ k,
must hold in H and
∆(y) = y ⊗ 1 + 1⊗ y +
q−1∑
i=1
(q − 1)ξ!
(i)ξ!(q − i)ξ!
xigq−i ⊗ xq−i.
Proof. Since the diagram R of H is not a Nichols algebra, from the proof of Theorem
4.2, we have G(H) ∼= Cq and dimR(1) = 1. Then by Lemma 4.6, R ∼= k[x, y]/(x
q, yp) ∈
G(H)
G(H)YD by
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• x ∈ V χ
j
gi
, δ(y) = 1⊗ y, g · y = y, for i, j ∈ I1,q−1,
where χ(g) = ξ is a primitive q-th root of unity. Without loss of generality, we can take
(i, j) = (1, 1). The grH = R♯H0 is generated by g, x, y, subject to the relations
gq = 1, gx− ξxg = 0, gy − yg = 0, xy − yx = 0, xq = 0, yp = 0,
with the coalgebra structure given by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + g ⊗ x, ∆(y) = y ⊗ 1 + 1⊗ y + θ(x),
where
θ(x) =
q−1∑
i=1
(q − 1)ξ!
(i)ξ!(q − i)ξ!
xigq−i ⊗ xq−i.
Moreover, B(V )♯H0 admits no deformations. Indeed, if gx−ξxg = 0 admits non-trivial
deformations, then gx−ξxg = λ0(g−g
2) for some λ0 ∈ k since gx−ξxg ∈ Pg,g2(H)∩H0.
We can take λ0 = 0 via the linear translation x := x− a(1− g) satisfying (1− ξ)a = λ0.
Then we have xq ∈ P(H) and hence xq = 0 in H .
Let K := B(V )♯H0. Then K ∼= k[x]/(x
q)♯k[Cq] is a Taft algebra of dimension q
2.
We claim that θ(x) 6= 0 in H2(k, K). Indeed, it follows by a direct computation that
θ(x) ∈ Z2(k, K). If θ(x) = 0 in H2(k, K), then there is an element z ∈ K such that
d1(z) = z ⊗ 1 − ∆(z) + 1 ⊗ z = θ(x). If we endow K a grading with deg(x) = 1 and
deg(g) = 0, then deg(θ(x)) = q in K ⊗K. Thus by Remark 2.15, deg(z) = q in K. It
follows that z =
∑q−1
k=0mkg
kxq for some mk ∈ k. However, ∆(x
q) = xq ⊗ 1+ 1⊗ xq which
implies that xq = 0 and hence θ(x) 6= 0 in H2(k, K).
Observe that p, q are distinct prime numbers. Then by [26, Theorem 2.8],H2(1kg
i
, K) =
0 for i > 0 and dimH2(1k1, K) = 1. Hence ∆(y) admits no non-trivial deformations.
Similar to the proof of [26, Theorem3.2], the subalgebra L generated by the subcoal-
gebra K + ky is a Hopf subalgebra of H that strictly contains K. Then L = H because
dimK = q2 < dimL ≤ dimH = pq2.
Moreover, by [26, Lemma2.6], (g ⊗ g)θ(x) = θ(x)(g ⊗ g) and ∆(x)θ(x) = θ(x)∆(x).
Then
∆(gy − yg) = (gy − yg)⊗ g + g ⊗ (gy − yg),
∆(xy − yx) = (xy − yx)⊗ 1 + g ⊗ (xy − yx),
which implies that gy − yg ∈ Pg,g(H) and xy − yx ∈ P1,g(H). Since Pg,g(H) = 0 and
P1,g(H) = k{x} ⊕ k{1 − g}, it follows that gy − yg = 0 and xy − yx = λ1x + λ2(1 − g)
for some λ1, λ2 ∈ k.
Now we claim that λ2 = 0. Indeed,
(gx)y = ξ(xy)g = ξ(yx+ λ1x+ λ2(1− g)) = ξyxg + λ1ξxg + λ2ξg(1− g),
g(xy) = g(yx+ λ1x+ λ2(1− g)) = ξyxg + λ1ξxg + λ2g(1− g).
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Then the overlap ambiguity (gx)y = g(xy) imposes the condition λ2 = 0.
Then it follows by a direct computation that (adL y)(g) ∈ K and (adL y)(x) ∈ K, which
implies that K is normal Hopf subalgebra of H . Hence H fits into the exact sequence of
Hopf algebras
K →֒ H ։ H,
where K+ = K ∩ ker ǫ and H = H/HK+ whose dimension is p. It is clear that H
is generated by the image y of y and y ∈ P(H). Thus H = k[y]/(yp − λ0y) where
λ0 ∈ I0,1. 
Lemma 4.9. Let H be a Hopf algebra over k generated by the elements g ∈ G(H), x ∈
P1,g(H), y. Assume that the relations gx = ξxg, gy = yg, xy− yx = λ1x for some λ1 ∈ k
hold in H and ∆(y) = y ⊗ 1 + 1 ⊗ y + θ(x), where θ(x) =
∑q−1
i=1
(q−1)ξ !
(i)ξ !(q−i)ξ!
xigq−i ⊗ xq−i.
Assume that p = 2. Then
(θ(x))(adR (y ⊗ 1 + 1⊗ y)
p−1 = λ1θ(x).
Assume that q = 2. Then
(θ(x))(adR (y ⊗ 1 + 1⊗ y)
p−1 = (2λ1)
p−1θ(x).
Assume that p > 2 and [x, y] = 0 in H. Then
(θ(x))(adR (y ⊗ 1 + 1⊗ y)
p−1 = 0.
Proof. It follows by a direct computation that H is well-defined. Then
θ(x)(adR (y ⊗ 1 + 1⊗ y))
= [
q−1∑
i=1
(q − 1)ξ!
(i)ξ!(q − i)ξ!
xigq−i ⊗ xq−i, y ⊗ 1 + 1⊗ y]
= [
q−1∑
i=1
(q − 1)ξ!
(i)ξ!(q − i)ξ!
xigq−i ⊗ xq−i, y ⊗ 1] + [
q−1∑
i=1
(q − 1)ξ!
(i)ξ!(q − i)ξ!
xigq−i ⊗ xq−i, 1⊗ y]
=
q−1∑
i=1
(q − 1)ξ!
(i)ξ!(q − i)ξ!
[xigq−i, y]⊗ xq−i +
q−1∑
i=1
(q − 1)ξ!
(i)ξ!(q − i)ξ!
xigq−i ⊗ [xq−i, y]
=
q−1∑
i=1
(q − 1)ξ!
(i)ξ!(q − i)ξ!
[xi, y]gq−i ⊗ xq−i +
q−1∑
i=1
(q − 1)ξ!
(i)ξ!(q − i)ξ!
xigq−i ⊗ [xq−i, y].
Assume that p = 2. If i ∈ I0,q−1 is odd, then [xi, y] = ixi−1[x, y] = λ1xi and [xq−i, y] =
(q − i)xq−i−1[x, y] = 0. If i ∈ I0,q−1 is even, then [xi, y] = ixi−1[x, y] = 0 and [xq−i, y] =
(q − i)xq−i−1[x, y] = λ1x
q−i. Hence
θ(x)(adR (y ⊗ 1 + 1⊗ y)) = λ1
q−1∑
i=1
(q − 1)ξ!
(i)ξ!(q − i)ξ!
xigq−i ⊗ xq−i = λ1θ(x).
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Assume that q = 2. Then θ(x) = xg ⊗ x. Hence
θ(x)(adR (y ⊗ 1 + 1⊗ y)) = [x, y]g + xg ⊗ [x, y] = 2λ1(xg ⊗ x+ xg ⊗ x) = 2λ1θ(x).
Then by induction, we have
θ(x)(adR (y ⊗ 1 + 1⊗ y))
p−1 = [x, y]g + xg ⊗ [x, y] = (2λ1)
p−1θ(x).
Assume that p > 2 and [x, y] = 0. Then it is clear that θ(x)(adR (y ⊗ 1 + 1 ⊗ y)) = 0
and hence the last statement follows. 
Theorem 4.10. Let H be a pointed Hopf algebra over k of dimension pq2 whose diagram
is not a Nichols algebra. Assume that p = 2 or q = 2. Then H is isomorphic to one of
the following Hopf algebras:
(WW1): k〈g, x, y | gq = 1, gx = ξxg, gy = yg, xy − yx = 0, xq = 0, yp = 0.〉,
(WW2): k〈g, x, y | gq = 1, gx = ξxg, gy = yg, xy − yx = x, xq = 0, yp = y.〉,
with the coalgebra structure given by
∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + g ⊗ x, ∆(y) = y ⊗ 1 + 1⊗ y + θ(x).
Proof. By Theorem 4.2, the relations [g, y] = 0, gx = ξxg and [x, y] = λ1x must hold in
H .
Assume that p = 2. Then by Lemma 4.9,
∆(y2) = (y ⊗ 1 + 1⊗ y + θ(x))2
= (y ⊗ 1 + 1⊗ y)2 + θ(x)2 + θ(x)(adR (y ⊗ 1 + 1⊗ y))
= y2 ⊗ 1 + 1⊗ y2 + θ(x)2 + θ(x)(adR (y ⊗ 1 + 1⊗ y))
= y2 ⊗ 1 + 1⊗ y2 + λ1θ(x).
Then ∆(y2 − λ1y) = (y
2 − λ1y) ⊗ 1 + 1 ⊗ (y
2 − λ1y), that is, y
2 − λ1y ∈ P(H). Hence
y2 = λ1y in H . Now we can take λ1 ∈ I0,1 by rescaling x, which gives the Hopf algebras
described in (WW1)− (WW2).
Assume that q = 2. Then by Lemma 4.9,
∆(yp) = (y ⊗ 1 + 1⊗ y + θ(x))p
= (y ⊗ 1 + 1⊗ y)p + θ(x)p + θ(x)(adR (y ⊗ 1 + 1⊗ y))
p
= yp ⊗ 1 + 1⊗ yp + θ(x)p + θ(x)(adR (y ⊗ 1 + 1⊗ y))
p
= yp ⊗ 1 + 1⊗ yp + (2λ1)
p−1θ(x).
Then
∆(yp − (2λ1)
p−1y) = (yp − (2λ1)
p−1y)⊗ 1 + 1⊗ (yp − (2λ1)
p−1y),
that is, yp−(2λ1)
p−1y ∈ P(H). By Fermat’s little theorem, 2p−1 = 1. Then yp = (λ1)
p−1y
in H .
POINTED p
2
q-DIMENSIONAL HOPF ALGEBRAS IN POSITIVE CHARACTERISTIC 57
To show that they have dimension pq2 by the Diamond Lemma, it suffices to shows
that the following overlaps
gq−1(gx) = (gq−1g)x, gq−1(gy) = (gq−1g)y, g(xxq−1) = (gx)xq−1, g(yyp−1) = (gy)yp−1,
g(xy) = (gx)y, x(yyp−1) = (xy)yp−1, xq−1(xy) = (xxq−1)y,
are resolvable. Here we only verify the last two overlaps when p = 2. Indeed,
(xy)y = (yx+ λ1x)y = y(xy) + λ1xy = y
2x+ 2λ1yx+ λ
2
1x = y
2x+ λ21x
= λ1yx+ λ
2
1x = λ1(yx+ λ1x) = λ1xy = x(y
2);
xq−1(xy) = xq−1(yx+ λ1x) = x
q−2(xy)x+ λ1x
q = · · · = λ1x
q = 0 = (xq)y.
If λ1 = 0, then we obtain one class of H described in (WW1). If λ1 6= 0, then we take
λ1 = 1 via the linear translation y := λ
−1
1 y, x := a
−1x satisfying ap = λ1, which gives one
class of H described in (WW2). 
Remark 4.11. By Theorem 4.8, it remains to determine the deformations of the relation
yp = 0 of grH to classify all pointed Hopf algebras of dimension pq2, which is still an
open question for p > 2 and q > 2. Indeed, we need to calculate ∆(yp). Observe that
xq = 0. It is easy to see that θ(x)p = 0. Since [g, y] = 0, gx = ξxg and [x, y] = λ1x,
∆(yp) = (y ⊗ 1 + 1⊗ y + θ(x))p
= (y ⊗ 1 + 1⊗ y)p + θ(x)p + θ(x)(adR (y ⊗ 1 + 1⊗ y))
p−1
= yp ⊗ 1 + 1⊗ yp + θ(x)(adR (y ⊗ 1 + 1⊗ y))
p−1.
If λ1 = 0, i. e. xy = yx, then by Lemma 4.9, ∆(y
p) = yp ⊗ 1 + 1 ⊗ yp, which implies
that yp ∈ P(H). Since P(H) = 0, it follows that yp = 0 and hence H ∼= grH. If λ1 6= 0,
then one need to determine θ(x)(adR (y ⊗ 1 + 1 ⊗ y))
p−1, which is a challenging obstacle
in this case.
4.3. Pointed Hopf algebras of dimension pqr. We classify pointed Hopf algebras H
over k of dimension pqr.
Theorem 4.12. Suppose that H is a pointed Hopf algebra over k of dimension pqr, then
H is isomorphic to one of the following Hopf algebras:
(R1): k[g, x]/(gqr − 1, xp) ∼= k[Cqr]⊗ k[x]/(x
p),
(R2): k[g, x]/(gqr − 1, xp − x) ∼= k[Cqr]⊗ k[x]/(x
p − x),
(R3): k〈g, x〉/(gqr − 1, gx− θxg, xp), where θ is a primitive qr-th root of unity,
(R4): k〈g, x〉/(gqr − 1, gx− θxg, xp − x), qr | p− 1,
(R5): k〈g, x〉/(gqr − 1, gx− θqxg, xp),
(R6): k〈g, x〉/(gqr − 1, gx− θqxg, xp − x), r | p− 1,
(R7): k〈g, x〉/(gqr − 1, gx− θrxg, xp),
(R8): k〈g, x〉/(gqr − 1, gx− θrxg, xp − x), q | p− 1,
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(R9): k〈g, h, x〉/(gq − 1, hr − 1, ghg−1 − ht, gx− xg, xp) ∼= k[Cq ⋊ Cr]⊗ k[x]/(xp),
(R10): k〈g, h, x〉/(gq−1, hr−1, ghg−1−ht, gx−xg, xp−x) ∼= k[Cq⋊Cr]⊗k[x]/(xp−
x),
(R11): k〈g, h, x〉/(gq − 1, hr − 1, ghg−1 − ht, gx− θrxg, xp),
(R12): k〈g, h, x〉/(gq − 1, hr − 1, ghg−1 − ht, gx − θrxg, xp − x), q | p − 1, with
g ∈ G(H), x ∈ P(H),
(R13): k[g, x]/(gqr − 1, xp − x), qr | p− 1,
(R14): k[g, x]/(gqr − 1, xp), with g ∈ G(H) and x ∈ P1,g(H),
(R15): k[g, x]/(gqr − 1, xp − x), r | p− 1,
(R16): k[g, x]/(gqr − 1, xp),
(R17): k〈g, x〉/(gqr − 1, gx− θrxg, xp),
(R18): k〈g, x〉/(gqr − 1, gx − θrxg, xp − x), qr | p − 1, with g ∈ G(H) and x ∈
P1,gq(H),
(R19): k[g, x]/(gqr − 1, xp − x), q | p− 1,
(R20): k[g, x]/(gqr − 1, xp),
(R21): k〈g, x〉/(gqr − 1, gx− θqxg, xp),
(R22): k〈g, x〉/(gqr − 1, gx − θqxg, xp − x), qr | p − 1, with g ∈ G(H) and x ∈
P1,gr(H).
Proof. It is easy to show that the Hopf algebras in the theorem have dimension pqr by
the Diamond Lemma. Indeed, it suffices to verify that the following overlaps
(gqr−1g)x = gqr−1(gx),(31)
(gx)xp−1 = g(xxp−1),(32)
are resolvable with the order x < g, or to verify that the following overlaps
(gq−1g)x = gq−1(gx),(33)
(gx)xp−1 = g(xxp−1),(34)
(hr−1g)x = hr−1(gx),(35)
(hx)xp−1 = h(xxp−1),(36)
are resolvable with the order x < g < h.
Let R be the diagram of H and V := R(1). we show that H is isomorphic to one of
the Hopf algebras described in (R1)–(R22).
We claim that dimH0 = qr. Indeed, by Nichols-Zoeller Theorem [22], dimH0| dimH ,
which implies that dimH0 = p, q, r, pq, qr, pr, pqr. If dimH0 = pqr, then H = k[G(H)] is
a group algebra of dimension pqr. If dimH0 = pq, then dimR = r and Ĝ(H) ∼= Cq := 〈ζ〉.
In particular, dimR(1) = 1 with a basis {x}. Hence x ∈ V ζ
i
g , i ∈ I0,q−1 with g ∈ G(H),
which implies that c(x⊗x) = ζ i(g)x⊗x. Therefore, R contains a braided Hopf subalgebra
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of dimension p or q, a contradiction. Hence dimH0 6= pq. Similarly, we have dimH0 6=
pr, qr, p, q, r. Therefore, the claim follows.
If dimH0 = qr, then dimR = p and G(H) is a group of order qr isomorphic to one of
the following groups
• Cqr = 〈g〉 ∼= Cq × Cr.
• Cq⋊Cr = 〈g, h | g
q = hp = 1, ghg−1 = ht〉, where q ≡ 1 mod r and t is a primitive
rth root of 1 modulo q.
Assume that G(H) = Cqr = 〈g〉. Then dimR = p and Ĝ(H) = 〈χ〉, where χ(g) = θ
is a qr-primitive root of unity. By Lemma 2.27, dim V = 1 with trivial braiding. Let
V := k{x}. Then by Remark 2.3, x ∈ V χ
j
gi
for some i, j ∈ I0,qr−1 such that θij = 1, which
implies that qr | ij. Hence i = 0 or j = 0. If i = 0, then by [6, Proposition 6.3], we can
take j ∈ {0, 1, q, r}. If j = 0, then we can take i ∈ {0, 1, q, r}. Then by Lemma 2.28, H
is isomorphic to one of the Hopf algebras described in (R1)–(R8) and (R13)–(R22).
Assume that G(H) = Cq ⋊Cr. Then dimR = p and Ĝ(H) = 〈χ〉 is a group of order q
where χ(g) = ξ, a primitive q-th root of unity, and χ(h) = 1. By Lemma 2.27, dimV = 1
with trivial braidings. Note that the center of G(H) is trivial. Then by Remark 2.3,
x ∈ V χ
i
1 for some i ∈ I0,q−1. By [6, Proposition 6.3], we can take i ∈ {0, 1}. Then
H = k〈g, h, x〉, subject to the relations
gq = 1, hr = 1, ghg−1 = ht, gx− ξixg = 0, hx− xh = 0, xp = λx,
for some λ ∈ I0,1 and i ∈ I0,1 with the ambiguity conditions: λ = 0 if i = 1 and q ∤ p− 1.
The coalgebra structure is given by
∆(g) = g ⊗ g, ∆(h) = h⊗ h, ∆(x) = x⊗ 1 + 1⊗ x.
Hence H is isomorphic to one of the Hopf algebras described in (R9)–(R13). Observe
that, if λ = 1, then H is semisimple; otherwise H is not semisimple. Then from the
semisimplicity and the characteristic value of g acting on V , these Hopf algebras are
pairwise non-isomorphic. 
Remark 4.13. By Theorem 4.12, there are 22 types of pointed Hopf algebras of dimension
pqr. They are either commutative or cocommutative and appeared in [25] as examples of
pointed rank one Hopf algebras.
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